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ABSTRACT

In this paper, closed forms of the sum formulas for the squares of generalized Fibonacci numbers
are presented. As special cases, we give summation formulas of Fibonacci, Lucas, Pell, Pell-Lucas,
Jacobsthal and Jacobsthal-Lucas numbers. We present the proofs to indicate how these formulas,
in general, were discovered. Of course, all the listed formulas may be proved by induction, but that
method of proof gives no clue about their discovery. Our work generalize second order recurrence
relations.
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1 INTRODUCTION Lucas sequences are very well-known examples

of second order recurrence sequences. The
Sequences have been fascinating topic for Fibonacci numbers are perhaps most famous for
mathematicians for centuries. The Fibonacci and appearing in the rabbit breeding problem,
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introduced by Leonardo de Pisa in 1202 in
his book called Liber Abaci. The Fibonacci
sequences are a source of many nice and
interesting identities. A similar interpretation
exists for Lucas sequence.

The sequence of Fibonacci numbers {F,} is
defined by
Fon=Fo 1+ F, 2, n>2, Fo=0, F1 =1.
and the sequence of Lucas numbers {L,} is
defined by

Ln :Ln_1+Ln_2, n22, L0:2, L1 =1.

The Fibonacci numbers, Lucas numbers and
their generalizations have many interesting
properties and applications to almost every field.
In 1965, Horadam [1] defined a generalization
of Fibonacci sequence, that is, he defined
a second-order linear recurrence sequence

{Wy,(Wo, W1;r,s)}, or simply {W,}, as follows:

Wn =rWp_1+sWy_2; Wo=a, W1 =b, (n=>2) (1.1)

where Wy, W, are arbitrary complex numbers
and r, s are real numbers, see also Horadam [2],
[38] and [4]. Now these generalized Fibonacci
numbers {W,(a, b;r, s)} are also called Horadam
numbers. The sequence {W,},>o can be
extended to negative subscripts by defining

T

S

1
W_n Wf(nfl) + gwf(n72)

for n 1,2,3,... when s # 0. Therefore,
recurrence (1.1) holds for all integer n.

For some specific values of a,b,r and s, it
is worth presenting these special Horadam
numbers in a table as a specific name. In
literature, for example, the following names and
notations (see Table 1) are used for the special
cases of r, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences.

Name of sequence Notation: W, (a, b;r, s) OEIS: [5]
Fibonacci F, = Wx(0,1;1,1) A000045
Lucas L, =W,(2,1;1,1) A000032

Pell P, =W,(0,1;2,1) A000129
Pell-Lucas Qn =Whn(2,2;2,1) A002203
Jacobsthal n = Wn(0,1;1,2) A001045
Jacobsthal-Lucas Jjn = Wa(2,1;1,2) A014551

The evaluation of sums of powers of these sequences is a challenging issue. Two pretty examples

are

zn: F? = FoFni
i=1

and

pNeH
=1

%(QnQTH—l - 4)'

In this work, we derive expressions for sums of second powers of generalized Fibonacci numbers.
Our results generalize second order linear recurrence relations.

We present some works on sum formulas of powers of the numbers in the following Table 2.

Table 2. A few special study on sum formulas of second, third and arbitrary powers

Name of sequence

sums of second powers

sums of third powers  sums of powers

Generalized Fibonacci [6,7,8,9,10]
Generalized Tribonacci [16]
Generalized Tetranacci [17,18]

[11,12] [13,14,15]
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An application of the sum of the squares of the column length norm and maximum row length
numbers is circulant matrix. Computations of norm.

the Frobenius norm, spectral norm, maximum

column length norm and maximum row length Circulant matrices have been around for a
norm of circulant (r-circulant, geometric circulant, 10ng time and have been extensively used in
semicirculant) matrices with the generalized m- Mmany scientific areas. In some scientific areas
step Fibonacci sequences require the sum of Such as image processing, coding theory and
the squares of the numbers of the sequences. Signal processing we often encounter circulant
For generalized m-step Fibonacci sequences see Matrices.  These matrices also have many
for example Soykan [19]. If m = 2,m = 3 applications in numerical analysis, optimization,
and m = 4, we get the generalized Fibonacci digital image processing, mathematical statistics
sequence, generalized Tribonacci sequence and and modern technology.

generalized Tetranacci sequence, respectively.
Next, we recall some information on circulant
(r-circulant, geometric circulant) matrices and
Frobenius norm, spectral norm, maximum

Let n > 2 be an integer and r be any real or
complex number. An n x n matrix C, is called a
r-circulant matrix if it of the form

Co C1 C2 R Cn—2 Cn—1
TCn—1 Co C1 Cn—3 Cn—2
C’ — TCn—2 TCn—1 Co e Cn—4 Cn—3
=
rci TC2 rcs e TCn—1 Co

nxn

and the r-circulant matrix C, is denoted by C, = Circr(co,c1,...,cn—1). If = 1 then 1-circulant
matrix is called as circulant matrix and denoted by C = Circ(co, c1, ..., cn—1). Circulant matrix was
first proposed by Davis in [20]. This matrix has many interesting properties, and it is one of the most
important research subject in the field of the computational and pure mathematics (see for example
references given in Table 3). For instance, Shen and Cen [21] studied on the norms of r-circulant
matrices with Fibonacci and Lucas numbers. Then, later Kizilates and Tuglu [22] defined a new
geometric circulant matrix as follows:

Co C1 C2 e Cn—2 Cn—1
TCn—1 Co C1 cee Cn—3 Cn—2
2
Or* — T Cn—2 TCn—1 Co e Cn—4 Cn—3
—1 92 _
ey 2 " 3cz -0 rea—1 co

nxn

and then they obtained the bounds for the spectral norms of geometric circulant matrices with the
generalized Fibonacci number and Lucas numbers. When the parameter satisfies » = 1, we get the
classical circulant matrix. See also Polatli [23] for the spectral norms of r-circulant matrices with a
type of Catalan triangle numbers.

The Frobenius (or Euclidean) norm and spectral norm of a matrix A = (aij)mxn € Mmxn(C) are
defined respectively as follows:

m n 1/2 1/2
4l = (ZD% ) and [, = max Ix)

i=1 j=1

where \; ’s are the eigenvalues of the matrix A*A and A" is the conjugate of transpose of the matrix
A . The maximum column length norm ¢; (.) and the maximum row length norm r4(.) of an matrix of
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order n x n are defined as follows:

a4) = max (Z W) and ri(4) = max, (Z W) -
- 7 - Jj=1

The following inequality holds for any matrix A = M,,x»(C):

1
7n Al < 1Al < [[Allz -
Calculations of the above norms ||A|| ., ||A|l,, c1(A) and r1(A) require the sum of the squares of the
numbers a;;. As in our case, the numbers a;; can be chosen as elements of second, third or higher
order linear recurrence sequences.

In the following Table 3, we present a few special study on the Frobenius norm, spectral norm,
maximum column length norm and maximum row length norm of circulant (r-circulant, geometric
circulant, semicirculant) matrices with the generalized m-step Fibonacci sequences which require
sum formulas of second powers of numbers in m-step Fibonacci sequences (m = 2, 3, 4).

Table 3. Papers on the norms.

Name of sequence Papers
second order| second order|
Fibonacci, Lucas [24,22,25,26,27,28,29,21,30,31,32,33]
Pell, Pell-Lucas [34,35]
Jacobsthal, Jacobsthal-Lucas [36,37,38,39]
third order| third order|
Tribonacci, Tribonacci-Lucas [40,41]
Padovan, Perrin [42,43,44]
fourth order] fourth order)
Tetranacci, Tetranacci-Lucas [45]

Also linear summing formulas of the generalized m-step Fibonacci sequences are required for the
computation of various norms of circulant matrices circulant matrices with the generalized m-step
Fibonacci sequences. We present some works on summing formulas of the numbers in the following
Table 4.

Table 4. A few special study of sum formulas.

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [46],[47,48]
Generalized Fibonacci [49,50,51,52,53]
Generalized Tribonacci [54,55,55,56]
Generalized Tetranacci [57,58,59]
Generalized Pentanacci [60,61]
Generalized Hexanacci [62]

2 SUMMING FORMULAS OF GENERALIZED FIBONACCI
NUMBERS WITH POSITIVE SUBSCRIPTS

The following theorem presents some summing formulas of generalized Fibonacci numbers with
positive subscripts.
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Theorem 2.1. Forn > 1 we have the following formulas: if (s + 1) (r + s — 1) (r — s+ 1) # 0 then

(a)
z": w2 — (1 - s)Wg_'_Q +(1—-—s—12— rzs)WZ+1 +2rsWy 1 Wy + (s —1) le +s2(s—1) W02 — 2rsW1Wo .
=1 ¢ (s+1)(r+s—1)(r—s+1)
(b)
z": Wo W — TW3+2 +rs2Wﬁ+1 +(1—r2— SQ)WH+1W”+2 — TW12 — TS2W02 +s(—r2 4+ 52— 1)W1 Wy
= GHD(rts—D(r—st1) ‘

Proof. Using the recurrence relation

Wn+2 = TW’VLJrl + SWn

i.e.
sWy = Whgo — Wi
we obtain
SWE = Wi +rWii — 2rWeiaWai
SWE, = Wi +r°We —2rWe W,y
SW2_, = W24+rW2 | — 20W, Wa_s
SW2 . = W2, +7°W2 - 2rWy 1 Wh_s
SWe_y = Wio+r*Wis—2rWn 2Wi_s
SWE = W2+r Wi — 2rWaWs
SWE = Wi+rW: — 2rWsWo.

If we add the above equations by side by, we get

n+2 n+1 n+1

82 i Wf = Z Wf + 7"2 Z WE —2r Z W¢+1W¢.
=1 =3 =2 =2

Note that
n+2 n
DOWE = WP - WEAWR L+ WE+ Y W
1=3 =1
n+1 n
ZWE = *W12+W3+1 +ZWL2’
=2 =1
n+1 n
Z WiraWs = —WoWi1 + WyypaWei1 + Z Wit 1 Wi.
=2 =1
We put them into the (2.1) we obtain
Y WP = (WP WS Wa A Wea + > W)+ (=WE + Wy + )W)
i=1 i=1 =1

—2r(—WoW1 + Wy poWhi1 + Z Wi Ws).

i=1
Next we calculate Y7, Wi 1 W;. Again, using the recurrence relation

Wn+2 = TWn+1 + SWn

27
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i.e.
SWn = Wn+2 - TWn+1
we obtain
SWnsiWn = WoiaWair —rWiyy
SWuWno1 = WypaaW, —rW?
SWhpiWna = WaWn_1—rW2_,
sWsWa = WaWs — W3
sWaWy = WsWs — rW2.

If we add the above equations by side by, we get

n n+1 n+1
SZWi+1Wi = ZWH»IW'L - TZWf. (2.3)
i=1 i—2 i=2
Note that
n+1 n
Z WipaW; = —WoWi + WyyoaWihia + Z WitaWs,
i=2 i=1
n+1

WP+ W + Y WP

=1

S
=2
If we put them into the (2.3) then it follows that
SZ WitaiW; = (—WoeWh + Wy oWhia + Z Wisi W) — T(—W12 + WS+1 + Z Wf). (2.4)
i=1 i=1 i=1

Then, using
Wa = (rWr + sWo)

and solving the system (2.2)-(2.4), the required results of (a) and (b) follow.
Taking » = s = 1 in Theorem 2.1 (a) and (b), we obtain the following proposition.

Proposition 2.1. Ifr = s = 1 then forn > 1 we have the following formulas:

(@ >r wi= %(—2W3+1 + 2Wop 2 Wip1 — 2W1Wo).
(b) >0, Wi W, = %(WEH + WE-H — Wog 1 Woio — WE—-WE — WilWo).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with Fy; =0, F1 = 1).

Corollary 2.2. Forn > 1, Fibonacci numbers have the following properties:

(@) >0, F7 = 3(—2F7 1 +2Fu2Fnq).
(b) Z?:l Fi+1Fi = %(F7%+2 + F3+1 — Fn+1Fn+2 — ].)

Taking W,, = L,, with Lo = 2, L; = 1 in the last proposition, we have the following corollary which
presents sum formulas of Lucas numbers.

Corollary 2.3. Forn > 1, Lucas numbers have the following properties:
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(@ >7", L = %(_2L3+1 +2Lpy2Lnt1 —4).
(b) Y0  LiyiLi=2(Laio+ Loyt — Lns1Lnga — 7).

Taking » = 2,s = 1 in Theorem 2.1 (a) and (b), we obtain the following proposition.

Proposition 2.2. Ifr =2, s =1 then forn > 0 we have the following formulas:

(@) Y0, WP = 5 (2Wiy + Wi Weia — Wil).
(b) > WinaW; = i(Wn2+2 + Wn2+1 — QW o Whar — WE — WG — 2W, W),

From the last proposition, we have the following corollary which gives sum formulas of Pell numbers
(take W, =P, with Po :O,Pl = 1)

Corollary 2.4. Forn > 1, Pell numbers have the following properties:
(@ >7", P = %(—QPSH + PpioPri1) = %Pnpn+1~
(b) >0 Pi1 P = 5 (P24 Piiy — 2PujaPoyr — 1).

Taking W, = Q. with Qo = 2,Q1 = 2 in the last proposition, we have the following corollary which
presents sum formulas of Pell-Lucas numbers.

Corollary 2.5. Forn > 1, Pell-Lucas numbers have the following properties:

(a) 2?21 Q? = %(72Q%+1 + QnJrQQnJrl - 4) = %(QnQnJA - 4)~
(b) >, Qi1Qi = i(Q?«H—z + Qi-ﬂ —2Qn+2Qn4+1 — 16).

Ifr=1,s=2then(s+1)(r+s—1)(r —s+1) = 0sowe can't use Theorem 2.1 directly. Therefore
we need another method to find >°7" | W and °7"_, Wi1 W; which is given in the following theorem.

Theorem 2.6. Ifr = 1,s = 2 then forn > 1 we have the following formulas:
(@ S0 W2 =3 Wi, — Wi —4(Wo+ Wi) Wo + (2Wo — W1)*n).
(b) S0 WipaWi = L (BWi o + 4AW2,y + (—9WF — 20W5 — 2001 Wo) — 4 (W1 — 2Wo)° n).

Proof.

(a) The proof will be by induction on n. Before the proof, we recall some information on generalized
Jacobsthal numbers. A generalized Jacobsthal sequence {W, },>0 = {Wn(Wo, W1)}n>o is
defined by the second-order recurrence relations

Wn =Wno1 +2Wph_2; Wo=a, Wi =b, (Tl > 2) (25)

with the initial values Wy, W1 not all being zero. The sequence {W,}, >0 can be extended to
negative subscripts by defining
1 1
W_pn = _§W7(n71) + §W7(n72)
forn = 1,2, 3,.... Therefore, recurrence (2.5) holds for all integer n. The first few generalized
Jacobsthal numbers with positive subscript and negative subscript are given in the following
Table 5.
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Table 5. A few generalized Jacobsthal numbers

n Wha W_n

0 Wo

1 W1 —3Wo + W1
2 2Wo+ Wi 3Wo — 1w
3 2Wo + 3Wh —gWO—l—%Wl
4 6Wo+5W, W — =W
5 10Wo+11Wi  —3Wo+ 5Wh
6 22Wo+21W1  2=Wo— ZW)

Binet formula of generalized Jacobsthal sequence can be calculated using its characteristic
equation which is given as
t?—t—2=0.

The roots of characteristic equation are
a=2, f=-1
and the roots satisfy the following
a+p=1,a=-2 a—F=3.
Using these roots and the recurrence relation, Binet formula can be given as
Aa™ — Bp"  Ax2"—B(-1)"
a—pf 3
where A=W; —WoB=W;+ W, and B =W; — Woa = W; — 2W.

We now prove (a) by induction on n. If n = 1 we see that the sum formula reduces to the
relation

W, = (2.6)

W2 = %(W; W2+ W — SWLW). (2.7)
Since
Wy = 2Wo+ W,
Ws = 2Wy + 3Wh,

(2.7) is true. Assume that the relation in (a) is true for n = m, i.e.,

— 1
ZWZ? = §(W31+2 — W1 — 4 (Wo + Wh) Wo + (2Wo — W1)* m).
i=1

Then we get
m—+1 m
SwE = Wit )W
i=1 i=1
1
= Wha+ §(W3«L+2 — W1 — 4 (Wo + W) Wo + (2Wo — W1)? m)
1
— §(Wi+2 + 8W2 1 — 4 (Wo + W) Wo + (2Wo — W1)> m)
1
= §(W2 o+ 8Wa 1 — (2Wo — Wh)? — 4 (Wo 4+ Wh) Wo + (2Wo — W1)? (m + 1))
1
= §(W7i+3 —Wihio —4(Wo + W) Wo + (2Wo — Wh)? (m + 1))
1
= §(W(27n+1)+2 —Wini1ys1 — 4 (Wo + Wi) Wo + (2Wo — W1)? (m + 1))

30



Soykan; AJARR, 9(1): 23-39, 2020; Article no.AJARR.55441

where
Wiio + 8Wiiy — (2Wo — Wh)? = Wiy — Wi (2.8)
(2.8 ) can be proved by using Binet formula of W,,. Hence, the relation in (a) holds also for
n=m+ 1.
(b) We now prove (b) by induction on n. If n = 1 we see that the sum formula reduces to the relation
WoWi = %(514/5 +4W3 — 13WF — 36W5 — AW, Wo). (2.9)
Since
Wy = 2Wy+ Wh,
Ws = 2Wy + 3Wh,

(2.9) is true. Assume that the relation in (b) is true for n = m, i.e.,

s 1
> Wi Wi = %(5an+2 +AW2 1+ (—9WT — 20W5 — 20W 1 Wo) — 4 (Wi — 2W5)* m).
=1

Then we get
m+1 m
Z Wip1W; = WppoWippr + Z Wip1W;
i=1 1=1
1
= £(5an+2 F AW, )+ 36Won o Win1 + (—9W] — 20W¢ — 20W1 Wo) — 4 (W — 2Wg)> m)
1
= £<5W72n+2 + 4W72n+1 +36Wy oW1 + 4 (W1 — 2W0)2 + (—9W7 — 20W2 — 20W; W)
—4(Wy — 2Wg)2 (m + 1))
1 .
- 5(5%/3”+3 +AW?, o + (m9WT — 20W5 — 20W1Wo) — 4 (W1 — 2Wp)? (m + 1))
_ 1 2 2 2 2 2
= g OWhnsnya T AWy 1+ (ZIWE — 2003 — 20W1 W) — 4 (Wi — 2Wo)? (m + 1)
where
2 2 2 2 2
SWinao +4Wh 11 + 36Whp oW1 +4 (W1 — 2Wo)” = 5Whis +4W5 1o, (2.10)

(2.10) can be proved by using Binet formula of W,,. Hence, the relation in (b) holds also for
n=m+ 1.

From the last theorem we have the following corollary which gives sum formulas of Jacobsthal
numbers (take W,, = J,, with Jo =0, J; = 1).

Corollary 2.7. Forn > 1, Jacobsthal numbers have the following property:

@ >, JP = %(J3+2 - JE+1 +n).
(b) 2?21 J2+1J1 - ?%(5J2+2 + 4Jg+1 —9— 4n)

Taking W,, = j, with jo = 2,51 = 1 in the last theorem, we have the following corollary which presents
sum formulas of Jacobsthal-Lucas numbers.

Corollary 2.8. Forn > 1, Jacobsthal-Lucas numbers have the following property:

(@ >, it = %(J%-m - j72l+1 —24 4 9n).
(b) >0 jir1ji = 35 (Bjnsa + 4jni1 — 129 — 36n).
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3 SUMMING FORMULAS OF GENERALIZED FIBONACCI
NUMBERS WITH NEGATIVE SUBSCRIPTS

The following theorem presents some summing formulas of generalized Fibonacci numbers with
negative subscripts.

Theorem 3.1. Forn > 1 we have the following formulas: If (s + 1) (r + s — 1) (r — s+ 1) # 0 then
(a)

(s—DW2 L+ % +r2s+s —)W2 | — 2rsW_p 1 Wy + 20sWi Wo + (1 — ) W]
n 1—s—r2—r2s)wg
w2 = . o
i=1

(s+1)(r+s—1)(r—s+1)

(b) 2

n _
STwoipawo; = TWont1
i=1

— 'rs2Win + (r2 + 52 — DW_ 1 W, + (1 — r2 — 52)W1W0 + ’V‘W12 4+ r52Wg
(s+1)(r+s—1)(r—s+1) '

Proof. Using the recurrence relation

1
W—n+2 = TW—'rH—l + SW—n = W—n = 7§W—n+1 + EW—TH—Q

i.e.
sW_pn = W—n+2 - TW—n-H
we obtain
SW2, = W2 o4+ rW2, 0 — 2rWepoaWo i
SW2h = Wi+ W20 —2rWo i sWo o
W20 = W2a+r" W2 s — 2k W aWo s
82W3n+3 - W3n+5 + T‘2W3n+4 - 27"an+5W7n+4
SW2, = W2 +r2W2, —2rWo W,
SW2, = We+rW2, —2rWoW_,
SW2 = WE+rWE — 2ri Wo.

If we add the above equations by side by, we get

s2Y W2 o= (WP We = W2, = W2, 4+ W2+ (We = W2, + > W2 (31)
=1

i=1 i=1

=2r(WiWo = Wt W + > Wi W)

i=1

Next we calculate >, W_; 1 W_;. Again using the recurrence relation

r 1
W7n+2 = TW7n+l +sW_n =W = _;anﬁ»l + EW7n+2

sW_,, = W7n+2 — 7’an+1

we obtain
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sW_niitW_p = W_pioW_pny1 — TWEn+1
SWenioWoni1 = WeopiaWeopio —rW2, 10
SWonaWonio = WeopiaWeopis —rW2, 15
SWoniaWoniz = WopisWepia —rW2, 14
sSW_oW_g = W W_o—rW2,
SWaAW_o = WoW_,—rW2,
sWoW_y, = WiW, — rWe.

If we add the above equations by side by, we get

5> WoipaWoy = (WaiWo = Wena W + > WonaWoy) — (W5 = W2, + ) W2, (32)

=1 i=1 i=1

Then, solving the system (3.1)-(3.2), the required results of (a) and (b) follow.

Taking » = s = 1 in Theorem 3.1 (a) and (b), we obtain the following proposition.

Proposition 3.1. Ifr = s =1 then forn > 1 we have the following formulas:
(@ S0 W2, =102W2, —2W_p W_,, + 2W1 W, — 2W5).
(b) Y8 WoiaWoy = 3(-W2, 01 — W2, + Wt Woy — WiWo + WP + W3).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with F, =0, F; = 1).

Corollary 3.2. Forn > 1, Fibonacci numbers have the following properties.

(@ S0, F2 =12F2, —2F o1 F ).
(b) >0, FivaFli = %(*an-»—l —F2 4+ Fopp Fon+ 1).

Taking W,, = L,, with Lo = 2, L; = 1 in the last proposition, we have the following corollary which
presents sum formulas of Lucas numbers.

Corollary 3.3. Forn > 1, Lucas numbers have the following properties.

(@ >0, L%, =12L2, —2L_n1L_n —4).

(b) ¢  L_iy1Ls=%1(-L%, 1 — L%, + Lopp1L_n +3).

Taking r = 2,s = 1 in Theorem 3.1 (a) and (b), we obtain the following proposition.
Proposition 3.2. Ifr = 2,s =1 then forn > 1 we have the following formulas:

(@ S W2 =102W?2, - W_ i W_,, — 2W5 + WilW).
(b) S0 WoiaWoi = 2(-W2, 1 = W2, 4+ 2W_ W + WP+ W5 — 2W1 Wo).

From the last proposition, we have the following corollary which gives sum formulas of Pell numbers
(take W, =P, with Py = O7 P = 1).

Corollary 3.4. Forn > 1, Pell numbers have the following properties.
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(@ >0, P2 =102P2, — PoniiPy).
(b) X8 PPy =1(—P%, 1 — P>, +2P_ 1P, +1).

Taking W,, = Q. with Qo = 2,Q1 = 2 in the last proposition, we have the following corollary which
presents sum formulas of Pell-Lucas numbers.

Corollary 3.5. Forn > 1, Pell-Lucas numbers have the following properties.
(a) ZZ’L:I QQ—z = %(2Q2—n - Q—n+1Q—n - 4)-
(b) X0 Qit1Q-i=3(-Q%11 — Q% +2Q-n11Q-n).

Ifr=1,s=2then(s+1)(r+s—1)(r — s+ 1) = 0sowe can’t use Theorem 3.1 directly. Therefore
we need another method to find -7 W2, and > | W_,.1W_; which is given in the following
theorem.

Theorem 3.6. Ifr = 1,s = 2 then forn > 1 we have the following formulas:
@ Ty W2 =g (W2, 1+ W2+ (WP =~ W§) + (W1 — 2Wo)? n).

(b) iy Woipa Wy = 55 (—2W2 | +4W2  —TW_,, | W_,, + (W1 +4Wy) (2W1 — W) — 3 (W1 — 2Wp)? n).
Proof. (a) and (b) can be proved by mathematical induction.
(a) The proof will be by induction on n. If n = 1 we see that the sum formula reduces to the relation

1
W2, = §(2W02 — AWoW + 2WF + W2,). (3.3)

Since ) .
W_i = (*§WO + §W1)

(3.3) is true. Assume that the relation in (a) is true for n = m, i.e.

m
1
>ow?i= 6(—W3m+1 + W2, + (WE —W§) + (Wi — 2Wo)? m).
=1
Then we get
m—+1 m
; w2, = W+ 21 w2,
= Wzvn—l + é(_WEwH»l + Wzm, + (W12 - WOZ) + (W1 — QWO)Z m)
- %(7wfm+l+wfm+gwfm_l+(wf —WE) + (W1 — 2W5)% m)
= %(—W%Ml W2 oW — (W —2Wo)? + (W2 — W) + (Wi — 2Wp)? (m + 1))
= SEWRLEWR e (WE - WE) + (W - 2W0)? (m o+ 1)
1
- 6(—W3(m+1)+1 +W2 iy + (WE = WE) + (W — 2Wp)? (m + 1))
where
w2 2 2 2 2 2
Wi + Wi, +OWZ, o — (Wh —2Wo)" = —WZ,, + W2, 1. (3.4)
(3.4) can be proved by using Binet formula of W,,. Hence, the relation in (a) holds also for
p 9
n=m+ 1.
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(b) We now prove (b) by induction on n. If n = 1 we see that the sum formula reduces to the relation

WoW_1 = %(—Wf — 18W§ + AW?2, + 19WoWy — TWoW_1). (3.5)

Since 1 L
W_1 = (—=W =
1=( 5 o+ 2W1),

(3.5) is true. Assume that the relation in (b) is true forn = m i.e.,

m

1
DWW = o (22W2y HAWE = TW o W o (W 4W0) (W1 = W) = 3 (W1 = 2W0)? m).
=1
Then we get
m+1 m
2 WeintWei = Wy Wegmin + 2 WoiiWes
i=1 =1

1 2 2
= W_mW_m—1+ 2*7(72W7m+1 +4AWZ,,, = TW_ a1 W

+ (Wy +4Wy) (2Wy — W) — 3 (W — 2Wg)2 m)
- 2%(72W3m+1 AW TW AWy + 2TW W1
+ (W1 +4Wg) (2W7 — Wp) — 3 (W1 — 2Wo)* m)
- %(—2W3m+1 +AW?  —TW Wy + 2TW_ y W1 + 3 (W1 — 2Wp)?

+ (W1 + 4Wo) (2W1 — Wo) — 3 (W3 — 2Wp)? (m + 1))
= %(—2W3m +4W2 L TW_ W1 4 (W1 + 4W0) (2W) — W)
-3 (W1 — 2Wg)? (m + 1))
= %(—QWE(MHHI FAW2 () = TW 1)1 W (mg1) + (WL + 4W0) (2W1 — Wo)

-3 (W1 — 2Wo)* (m + 1))

where

—2WEm+1+4WEm—7W_m+1W_m+27W_mW_m_1+3(Wl —2Wp)? = —2W?2, H4W2 | —TW_ W .
(3.6)

(3.6) can be proved by using Binet formula of W,,. Hence, the relation in (b) holds also for

n=m-+ 1.

From the last theorem, we have the following corollary which gives sum formula of Jacobsthal numbers
(take W,, = Jp, with Jo =0, J1 = 1).

Corollary 3.7. Forn > 1, Jacobsthal numbers have the following property:

@ Y, S = 5= + 2+ 14 n),
(b) 0y Joiindoi = 55 (=207 sy + 4% = T ngaJon +2 = 3n).

Taking W,, = j, with jo = 2,51 = 1 in the last proposition, we have the following corollary which
presents sum formulas of Jacobsthal-Lucas numbers.

Corollary 3.8. Forn > 1, Jacobsthal-Lucas numbers have the following property:

@ >, 5% =52 +52. —3+9n).
(b) S0 joiv1joi = = (=221 + 4520 — Tiont1j—n — 27n).
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4 CONCLUSION

Recently, there have been so many studies of
the sequences of numbers in the literature and
the sequences of numbers were widely used
in many research areas, such as architecture,
nature, art, physics and engineering. In this work,
sum identities were proved. The method used
in this paper can be used for the other linear
recurrence sequences, too. We have written sum
identities in terms of the generalized Fibonacci
sequence, and then we have presented the
formulas as special cases the corresponding
identity for the Fibonacci, Lucas, Pell, Pell-Lucas,
Jacobsthal, Jacobsthal-Lucas numbers. All the
listed identities in the corollaries may be proved
by induction, but that method of proof gives no
clue about their discovery. We give the proofs
to indicate how these identities, in general, were
discovered.

Computations of the Frobenius norm, spectral
norm, maximum column length norm and
maximum row length norm of circulant (r-
circulant, geometric circulant, semicirculant)
matrices with the generalized m-step Fibonacci
sequences require the sum of the squares of
the numbers of the sequences. Our future work
will be investigation of the closed forms of the
sum formulas for the squares of generalized
Tribonacci numbers.

COMPETING INTERESTS

Authors has declared that no competing interests
exist.

REFERENCES

[1] Horadam AF. Basic properties of a
certain generalized sequence of numbers.
Fibonacci Quarterly. 1965;3(3):161-176.

[2] Horadam AF. A generalized fibonacci
sequence. American Mathematical Monthly.

1961,68:455-459.

[8] Horadam AF. Special Properties of
The Sequence wy(a,b;p,q). Fibonacci

Quarterly. 1967;5(5):424-434.

36

[4] Horadam AF. Generating functions for
powers of a certain generalized sequence of
numbers. Duke Math. J. 1965;32:437-446.

Sloane NJA. The on-line encyclopedia of
integer sequences.
Available: http://oeis.org/

(5]

Cerin Z. Formulae for sums of Jacobsthal—
Lucas numbers. Int. Math. Forum.
2007;2(40):1969-1984.

Cerin Z. Sums of squares and products
of jacobsthal numbers. Journal of Integer
Sequences. 2007;10. Article 07.2.5, 2007

Gnanam A, Anitha B. Sums of squares
Jacobsthal numbers. IOSR Journal of
Mathematics 2015;11(6):62-64.

Kilic E, Tas¢i, D. The linear algebra of
the pell matrix. Boletin de la Sociedad
Matematica Mexicana. 2005;3(11).

Kilic E. Sums of the squares of terms of
sequence {u,}. Proc. Indian Acad. Sci.
(Math. Sci.) 2008;118(1):27—-41.

Frontczak R. Sums of cubes over odd-index
fibonacci numbers. Integers. 2018;18.

Wamiliana, Suharsono, Kristanto PE.
Counting the sum of cubes for Lucas
and Gibonacci Numbers, Science and
Technology Indonesia. 2019;4(2):31-35.

Chen L, Wang X. The power sums involving
fibonacci polynomials and their applications.
Symmetry. 2019;11.

DOI: 10.3390/sym11050635

Frontczak, R. Sums of powers of Fibonacci
and Lucas numbers: A new bottom-up
Approach. Notes on Number Theory and
Discrete Mathematics. 2018;24(2):94—103.

Prodinger H. Sums of powers of fibonacci
polynomials. Proc. Indian Acad. Sci. (Math.
Sci.). 2009;119(5):567-570.

Raza Z, Riaz M, Ali MA. Some inequalities
on the norms of special matrices with
generalized tribonacci and generalized pell-
padovan sequences; 2015. arXiv

Availabe: http://arxiv.org/abs/1407.1369v2

Prodinger H, Selkirk SJ. Sums of squares of
tetranacci numbers: A generating function
approach; 2019.

Available: http://arxiv.org/abs/1906.08336v1

(6]

(7]

(8]

9]

(10]

(1]

(12]

(13]

(14]

(15]

[16]

(17]



Soykan; AJARR, 9(1): 23-39, 2020; Article no.AJARR.55441

(18]

[19]

(20]

(21]

(22]

(23]

(24]

(28]

(26]

(27]

(28]

(29]

Schumacher R. How to sum the squares of
the Tetranacci nhumbers and the Fibonacci
m-step numbers. Fibonacci Quarterly.
2019;57:168-175.

Soykan Y. Simson identity of generalized m-
step fibonacci numbers. Int. J. Adv. Appl.
Math. and Mech. 2019;7(2):45-56.

Davis PJ. Circulant
JohnWiley&Sons, New York; 1979.

Shen S, Cen J. On the bounds for the norms
of r-circulant matrices with the fibonacci and
lucas numbers. Applied Mathematics and
Computation. 2010;216;2891-2897.

KizilatesC, Tuglu N. On the bounds for
the spectral norms of geometric circulant
matrices. Journal of Inequalities and
Applications. 2016(1). Article ID 312, 2016.
DOI: 10.1186/s13660-016-1255-1

PolathE. On the bounds for the spectral
norms of r-circulant matrices with a type
of catalan triangle numbers. Journal of
Science and Arts. 2019;3(48):575-578.

He C, Ma J. Zhang K, Wang Z. The upper
bound estimation on the spectral norm
of r-circulant matrices with the fibonacci
and lucas numbers. J. Inequal. Appl.
2015;2015:72.

Merikoski JK, Haukkanen P, Mattila M,
Tossavainen T. On the spectral and
frobenius norm of a generalized fibonacci
r-circulant  matrix. Special Matrices.
2018;6:23-36.

Raza Z, Ali MA. On the norms of some
special matrices with generalized fibonacci
sequence. J. Appl. Math. & Informatics.
2015;33(5-6):593-605.

Shen S. On the norms of circulant matrices
with the (k,h)-fibonacci and (k,h)-lucas
numbers. Int. J. Contemp. Math. Sciences.
2011;6(18):887-894.

Shen S. The spectral norms of circulant
matrices involving (k,h)-fibonacci and (k,h)-
lucas numbers. Int. J. Contemp. Math.
Sciences. 2014;9(14):661-665.

Shen S, Cen J. On the spectral norms of r-
circulant matrices with the k-fibonacci and
k-lucas numbers. Int. J. Contemp. Math.
Sciences. 2010;5(12):569-578.

matrices.

37

(30]

(31]

(32]

(33]

(34]

(3]

(36]

(37]

(38]

(39]

Shi B. The spectral norms of geometric
circulant matrices with the generalized k-
horadam numbers. Journal of Inequalities
and Applications. 2018;2018:14. Available:
https://doi.org/10.1186/s13660-017-1608-4

Solak S. On the norms of circulant matrices
with the fibonacci and lucas numbers.
Applied Mathematics and Computation.
2005;160:125-132.

Solak S. Erratum to “On the norms
of circulant matrices with the fibonacci
and lucas numbers” [Appl. Math. Comput.
2005;160: 125-132], Applied Mathematics
and Computation. 2007;190:1855-856.

Tuglu N, Kizilates C. On the norms of
circulant and r-circulant matrices with the
hyperharmonic fibonacci numbers. Journal
of Inequalities and Applications; 2015.
Article ID 253, 2015

Available: http://dx.doi.org/10.1186/s13660-
015-0778-1

Alptekin  E. G.Pell, Pell-Lucas ve
Modified Pell sayilari ile taniml circulant
ve semicirculant matrisler  (Doctoral
dissertation, Selcuk Universitesi Fen
Bilimleri Enstitist); 2005.

Turkmen R, GokbasH. On the spectral
norm of r-circulant matrices with the pell
and pell-lucas numbers. J. Inequal. Appl.
2016;2016:65.

Radicic B. On k-circulant matrices
involving the jacobsthal numbers. Revista
De La Union Matematica Argentina.
2019;60(2):431-442.

Uygun S. Some bounds for the norms
of circulant matrices with the k-jacobsthal
and k-jacobsthal lucas numbers. Journal of
Mathematics Research. 2016;8(6):133-138.

Uygun S, YasamalS. On the bounds for
the norms of circulant matrices with the
jacobsthal and jacobsthal-lucas numbers.
Notes on Number Theory and Discrete
Mathematics. 2017;23(1):91-98.

Uygun S, YasamalS. On the bounds for
the norms of r-circulant matrices with the
jacobsthal and jacobsthal-lucas numbers.
International Journal of Pure and Applied
Mathematics. 2017;112(1):93-102.



Soykan; AJARR, 9(1): 23-39, 2020; Article no.AJARR.55441

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]

Kizilates C, Tuglu N. On the norms
of geometric and symmetric geometric
circulant matrices with the tribonacci
number. Gazi University Journal of Science.
2018;31(2):555-567.

Raza Z, Ali MA. On the norms of
circulant, r-circulant. Semi-Circulant and
Hankel Matrices with Tribonacci Sequence;
2014. Arxiv

Available: http://arxiv.org/abs/1407.1369v1

Coskun A, Taskara N. On the some
properties of circulant matrices with
third order linear recurrent sequences.
Mathematical Sciences and Applications
E-Notes. 2018;6(1):12-18.

Pacheenburawana A, Sintunavarat W.
On the spectral norms of r-circulant
matrices with the padovan and perrin
sequences. Journal of Mathematical
Analysis. 2018;9(3):110-122.

Sintunavarat W. The upper bound
estimation for the spectral norm of r-
circulant and symmetric r-circulant matrices
with the padovan sequence. J. Nonlinear
Sci. Appl. 2016;9:92-101.

Ozko¢ A, Ardiyok E. circulant and
negacyclic matrices via tetranacci numbers.
Honam Mathematical J. 2016;38(4):725-
738.

Gokbas H, Kése H. Some sum formulas for
products of pell and pell-lucas numbers. Int.
J. Adv. Appl. Math. and Mech. 2017;4(4):1-
4.

Koshy T. Fibonacci and lucas numbers
with applications. A Wiley-Interscience
Publication. New York; 2001.

Koshy T. Pell and pell-lucas numbers with
applications. Springer, New York; 2014.

Hansen RT. General identities for linear
fibonacci and lucas summations. Fibonacci
Quarterly. 1978;16(2):121-28.

Soykan Y. On summing formulas for
generalized fibonacci and gaussian
generalized fibonacci numbers. Advances
in Research. 2019;20(2):1-15.

Soykan Y. Corrigendum: On summing
formulas for generalized fibonacci and
gaussian generalized fibonacci numbers;

38

(52]

(53]

[54]

(55]

[56]

[57]

(58]

[59]

(60]

2020.

Available:  https://www.researchgate.net/-
publication/-337063487_Corrigendum_On-
_Summing-_Formulas_For_Generalized-

_Fibonacci_and_Gaussian_Generalized-

_Fibonacci_Numbers

SoykanY. On summing formulas for
horadam numbers. Asian Journal of
Advanced Research and  Reports.

2020;8(1):45-61.
DOI: 10.9734/AJARR/2020/v8i130192

Soykan Y. Generalized fibonacci numbers:
Sum formulas. Journal of Advances in
Mathematics and Computer Science.
2020;35(1):89-104.
DOI:10.9734/JAMCS/2020/v35i130241

Frontczak R. Sums of tribonacci and
tribonacci-lucas numbers. International
Journal  of  Mathematical  Analysis.
2018;12(1):19-24.

Parpar T. k'nci Mertebeden Rekirans
Bagintisinin Ozellikleri ve Bazi
Uygulamalari, Selcuk Universitesi, Fen

Bilimleri Enstitlisti, YUksek Lisans Tezi;
2011. bibitemsoykan2019sumformulatribo
Soykan Y. Summing formulas for
generalized tribonacci numbers; 2019.
arXiv:1910.03490v1 [math.GM].

Soykan Y. Summing formulas for
generalized tribonacci numbers. Universal
Journal of Mathematics and Applications.
Accepted

Soykan Y. Matrix sequences of tribonacci
and tribonacci-lucas numbers;  2018.
arXiv:1809.07809v1 [math.NT].

Soykan.
generalized

Summation formulas for
tetranacci numbers.
Asian Journal of Advanced Research
and Reports. 2019;7(2):1-12.
DOl.org/10.9734/ajarr/2019/v7i230170

Waddill ME. The Tetranacci Sequence
and Generalizations. Fibonacci Quarterly.
1992;9-20.

Soykan Y. Linear summing formulas of
generalized pentanacci and gaussian
generalized pentanacci numbers. Journal
of Advanced in Mathematics and Computer
Science. 2019;33(3):1-14.



Soykan; AJARR, 9(1): 23-39, 2020; Article no.AJARR.55441

[61] Soykan Y. Sum formulas for generalized DOI: 10.9734/JAMCS/2019/v34i530224
fifth-order linear recurrence sequences.

62] Soykan Y. On summing formulas of
Journal of Advances in Mathematics and [62] y g

) generalized hexanacci and gaussian
ComputerSmence. 2019;34(5):1-14. generalized hexanacci numbers. Asian
Article no.JAMCS.53303 Research  Journal of Mathematics.
ISSN: 2456-9968 2019:14(4):1-14. Article no.ARJOM.50727

© 2020 Soykan; This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution and reproduction
in any medium, provided the original work is properly cited.

Peer-review history:
The peer review history for this paper can be accessed here:
http.//www.sdiarticle4.com/review-history/55441

39


http://creativecommons.org/licenses/by/4.0

	INTRODUCTION
	SUMMING FORMULAS OF GENERALIZED FIBONACCI  NUMBERS WITH POSITIVE SUBSCRIPTS
	SUMMING FORMULAS OF GENERALIZED FIBONACCI NUMBERS WITH NEGATIVE SUBSCRIPTS
	CONCLUSION

