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Abstract
We have studied perturbations of Hammerstein’s Type Operator Equations in general Banach
Spaces. In this paper, two different levels of perturbations have been studied in Hilbert spaces.
We prove that these levels satisfy the regularization conditions for Hammerstein type operator
equations.
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1 Introduction and Preliminaries
A non-linear integral of the form:

u(x) +

∫
Ω

k(x, y)f(y, u(y))dy = w(x) (1.1)
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where Ω is a domain of σ−finitemeasure dy inRN , the kernel k : Ω×Ω 7→ R and the given function
f : Ω ×R 7→ R are both measurable; the unknown function u and the inhomogenous function w lie
in a given Banach space X of meausrable real-valued functions on Ω was studied in [1].
Setting the linear operator

Bv =
∫

Ω
k(., y)v(y)dy ,

the Nemitskyi or superposition operator

Au = f(., u(.)),

then the Hammerstein’s equation (1.1) is written in operator forms as:

u+BAu = w. (1.2)

The Nemitskyi operator A is well-defined on a given space X of functions on Ω, and that for
each element u of X, A(u) lies in a conjugate space X∗ of the space X, the composition BA of the
two operators is well-defined and maps X into itself. Given w in the function space X, the integral
equation then asks for some u in X such that (I + BA)(u) = w . It is noted that if B and A are
monotone, then K := I + BA needs not necessarily be monotone. If X = H , a Hilbert space, B
and A are monotone and if B is compact, [2] proved that a suitably defined Galerkin approximation
converges strongly to a solution of :

u+BAu = 0. (1.3)

Interest in (1.2) stems mainly from the fact that several problems that arise in differential equations,
for instance, elliptic boundary value problems whose linear parts possess Green’s functions can, as
a rule, be transformed into a form (1.2) see [3]. In this paper, we consider X a reflexive Banach
space, A, B maximal monotone operators and the equations of study, notably the operator equation
of the Hammerstein’s type (1.2). The operators A, B will be regularized or perturbed by some
small parameter. The regularized equations will finally be examined in Hilbert spaces so as to unify
results.The methodology of this paper is to apply regularized techniques to solve operator equations
of the Hammerstein’s type. This approach was used in [4] where conditions for regularization techniques
were discussed.

A set M ⊆ X × X∗ is monotone provided that 〈f − g, u − v〉 ≥ 0 for any pair [u, f ], [v, g] ∈ M . A
monotone set M is maximal if it is not a proper subset of a monotone set in X ×X∗. The mapping
T : X → 2X

∗
is said to be maximal monotone if its graph G(T ) is a maximal monotone set of X×X∗.

Therefore, T is maximal monotone if and only if 〈f − g, u − v〉 ≥ 0 implies u ∈ D(T ) and f ∈ Tu.
The element [u, f ] ∈ X × X∗ lies in G(T ) if and only if [f, u] ∈ X∗ × X lies in G(T−1). Since
the monotonicity is invariant under transposition of domain and the range of a map, T is maximal
monotone if and only if T−1 has this property.
Let X be an arbitrary Banach space with dual space X∗ . The mapping J where J : X → 2X

∗
is

called a normalized duality mapping on X and is defined by

J(u) = {u∗ ∈ X∗ : 〈u∗, u〉 = ||u||2 = ||u∗||2}. (1.4)

Let X be a Reflexive Banach Space with dual X∗ , the mappings A : X → 2X
∗

and B : X∗ → 2X

are maximal monotone with respective domains D(A) and D(B).
In (1.2) we define a map C = A−1 : X∗ → 2X and for any ϕ ∈ Au, (1.2) may be written as:

Cϕ+Bϕ = w (1.5)

where C is maximal monotone [3], p 122
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Theorem 1.1 . Suppose that X is reflexive, that A and B are maximal monotone operators on X and
that

D(A) ∩ intD(B) 6= ∅ (1.6)

then A+B is maxima.l

Proof. See [5] .

Combining (1.5) with the two theorems in [3] p106 - 107, we have the following:

Lemma 1.2 If A : X → 2X
∗

and B : X∗ → 2X maximal monotone mappings, the map A−1 + B
coercive and the condition (1.6) holds, then (1.2) or (1.5) with any w ∈ X has at least one solution.

The formulation of a regularized equation of Hammerstein’s type requires the following definitions and
notations.

Definition 1.3 Let the space Z be defined by

Z = X ×X∗ = {ς = [u, ϕ] : u ∈ X,ϕ ∈ X∗}. (1.7)

With the natural linear operation, + , defined by ας1 + βς2 = [αu1 + βu2, αϕ1 + βϕ2] for real numbers
α and β and ς1 = [u1, ϕ1], ς2 = [u2, ϕ2] are elements of Z.
For any ς ∈ Z, let ||ς||Z = {||u||2 + ||ϕ||2}

1
2 then the space Z is a Banach space with Z∗ = X∗ ×X

as its dual. The duality pairing of the spaces Z and Z∗ is defined by the product

〈η∗, ς〉 = 〈ψ, u〉+ 〈ϕ, v〉 (1.8)

of the elements ς = [u, ϕ] ∈ Z and η∗ = [ψ, v] ∈ Z∗.

Lemma 1.4 Let {ςn} be a sequence in Z, where ςn = [un, ϕn] and let ς0 = [u0, ϕ0]. As n→∞, the
following relations are equiavelent:

ςn ⇀ ς0, ||ςn||Z → ||ς0||Z (1.9)

and

un ⇀ u0, ϕn ⇀ ϕ0, ||un|| → ||u0||, ||ϕn|| → ||ϕ0||. (1.10)

Lemma 1.5 If J : X → X∗ and J∗ : X∗ → X are the normalized duality mapping on X and X∗,
respectively, then the operator JZ : Z 7→ Z∗, defined by

JZς = [Ju, J∗ϕ] ∀ς = [u, ϕ] ∈ Z (1.11)

is a normalized duality mapping on Z ; and conversely, every normalized duality mapping on Z has
the form (1.11).

Proof. See [4].

The equation (1.2) is written as the system:

Au− ϕ = 0, u+Bϕ = w,ϕ ∈ Au
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which is equivalent to the operator equation:

Tς = h (1.12)

where T : Z 7→ 2Z
∗

such that

Tς = [Au− ϕ, u+Bϕ] ∈ Z∗, ς = [u, ϕ] ∈ Z, h = [0X∗ , ω] ∈ Z∗

Lemma 1.6 The operator T is monotone.

Proof. Let ς1 = [u1, ϕ1], ς2 = [u2, ϕ2] ∈ Z, the equality

〈Tς1 − Tς2, ς1 − ς2〉 = 〈Au1 −Au2, u1 − u2〉+ 〈ϕ1 − ϕ2, Bϕ1 −Bϕ2〉 (1.13)

holds . Additionally, the equality is valid if ui ∈ D(A), ϕi ∈ D(B) for all i = 1, 2. At that, the inclusion
ϕi ∈ Aui should hold, that is, ui ∈ A−1ϕi, i = 1, 2.
Therefore (1.13) may be written as
〈Tς1 − Tς2, ς1 − ς2〉 = 〈ϕ1 − ϕ2, A

−1ϕ1 −A−1ϕ2〉+ 〈ϕ1 − ϕ2, Bϕ1 −Bϕ2〉
where ϕi ∈ D(B), ϕi ∈ D(A−1), i = 1, 2.
With this condition it follows that if (1.6) is satisfied then the operator T is maximal monotone on its
domain D(T ).

Let the operators A,B be maximal monotone. Let D(A) = X and condition (1.6) be satisfied. Let N
be a non-empty closed solution set of (1.2). Then we have the following result:

Lemma 1.7 The set N is convex.

Proof. See [4].

Next we consider a regularized Hammerstein type operator equation in general Banach space

u+ (B + αJ∗)(A+ αJ)u = wδ (1.14)

where α > 0, δ > 0, wδ is δ−approximation of w, where ||w − wδ|| ≤ δ

Lemma 1.8 The equation (1.14) is uniquely solvable for every element wδ ∈ X.

Proof. Let Bα = B + αJ∗ , Aα = A+ αJ∗.
We introduce an operator
Tα = [Aαu− φ, u+Bφ] = Tς + αJZς, ς = [u, φ] , JZς = [Ju, J∗φ]
The solvability of (1.14) is equivalent to the solvability of equation

Tαςδα = hδ, hδ = [0∗X , ω
δ] (1.15)

where Tα = T + αJZ is a maximal monotone. The conclusion of the Lemma follows from ( see [6] ).

Theorem 1.9 Let a solution set N of equation (1.2) be non empty and closed, A : X → X∗ be a
maximal monotone locally bounded mapping with D(A) = X. Assume that B : X∗ 7→ 2X is also
maximal monotone mapping. Let wδ be a δ− approxiamtion of w, such that ||w −wδ|| ≤ δ. If δ

α
→ 0,

and also α → 0, then the sequence {uδα} of solutions of the regularized equation (1.14) converges
strongly in X to the solution u∗ ∈ N which is defined

||u∗||2 + ||Au∗||2 = min{||u||2 + ||Au||2 : u ∈ N}.

Proof. See [4].
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2 New Results
We now discuss our results in Hilbert spaces by looking at different levels of small perturbations of
the parameters of the Hammerstein’s type operator equation.

2.1 Case 1
The following operators: A,B,Bh1 , Ah2 : H 7→ 2H are maximal monotone mappings.
Let the error estimates of the operators be ||Bh1u−Bu||H ≤ h1g(||u||); ||Ah2u−Au||H ≤ h2g(||u||); ||wδ−
w||H ≤ δ; where δ > 0 , h1, h2 > 0 and g is a functional.
Let the regularized Hammerstein type equation be given by:

u+ (Bh1 + αIH)(Ah2 + αIH)u = wδ. (2.1)

Then equation (1.2) is put in the form:

Tς = h (2.2)

where Tς = [Au− φ, u+Bφ], h = [0, w], ζ = [u, φ].
The equation (2.1) is also represented by:

Tαδh1h2
ςαδh1h2 = hδh1h2

(2.3)

where

Tαδh1h2
ςαδh1h2

= hδh1h2
= [(Ah2 + αIH)uαδh − φαδh1h2

, uαδh1h2
+ (Bh1 + αIH)φαδh1h2

],

hδh1h2
= [0, wδ]

and

ςαδh1h2
= [uαδh1h2

, φαδh1h2
].

Furthermore

Tαδh1h2
= T δh1h2

+ αIZ ,Z = H ×H (2.4)

where

Tαδh1h2
ςαδh1h2

= [Ah2uαδh1h2
− φαδh1h2

, uαδh1h2
+Bh1φαδh1h2

]

and

IZ = [IHu
αδ
h , IHφ

αδ
h ].

Let ςαδ(h1h2)1
, ςαδ(h1h2)2

∈ Z . Then clearly

0 ≤ 〈Tαδh1h2
ςαδ(h1h2)1

− Tαδh1h2
ςαδ(h1h2)2

, ςαδ(h1h2)1
− ςαδ(h1h2)2

〉

that is Tαδh1h2
is monotone. By Lemma 3.2 in [4], (2.3) is uniquely solvable for Tαδh1h2

which is maximal
monotone.
We verify the requirements inherent in Theorem 1.9 . We subtract (1.12) from (2.3) and multiply
throughout by ςαδh1h2

− ς to obtain
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〈Tαδh1h2
ςαδh1h2

− Tς, ςαδh1h2
− ς〉 = 〈hδh1h2

− h, ςαδh1h2
− ς〉

or

〈Tαδh1h2
ςαδh1h2

− Tς, ςαδh1h2
− ς〉+ α〈IZςαδh1h2

, ςαδh1h2
− ς〉 = 〈hδh1h2

− h, ςαδh − ς〉

implying that

α〈ςαδh1h2
, ςαδh1h2

− ς〉 = 〈hδh1h2
− h, ςαδh1h2

− ς〉 − 〈Tαδh1h2
ςαδh1h2 − Tς, ς

αδ
h1h2

− ς〉. (2.5)

However

−〈Tαδh1h2
ςαδh1h2

− Tς, ςαδh1h2
− ς〉 ≤ hg(||u||)||uαδh1h2

− u||+ h(g(||φ||)||φαδh1h2
− φ||).

Also

〈hδh1h2
− h, ςαδh1h2

− ς〉 ≤ δ||ςαδh1h2
− ς||.

Therefore from (2.5) we have:

〈ςαδh1h2
, ςαδh1h2

− ς〉 ≤ δ
α
||ςαδh1h2

− ς||Z + h1h2
α

[g(||u||)||uαδh1h2
− u||+ g(||φ||)||φαδh1h2

− φ||]

or equivalently

||ςαδh1h2
||2 − ||ςαδh1h2

||||ς|| ≤ δ
α
||ςαδh1h2

||Z + ||ς||Z + h1h2
α

[g(||u||)||uαδh1h2
− u||+ g(||φ||)||φαδh1h2

− φ||],

which is quadratic expression in ||ςαδh1h2
||. An argument similar to the proof of Theorem (1.9) shows

that ||ςαδh1h2
|| is bounded and therefore there exists a subset {ςβδh1h2

} which converges as β → 0 to
some element ς̄ ∈ Z .
Next we show that ς̄ is a solution of (1.12). Since T is monotone, we have
0 ≤ 〈Tς − Tςβδh1h2

, ς − ςβδh1h2
〉 = 〈Tς − T δh1h2

ςβδh1h2
, ς − ςβδh1h2

〉+ 〈T δh1h2
ςβδh1h2

− Tςβδh1h2
, ς − ςβδh1h2

〉

= 〈Tς−h, ς−ςβδh1h2
〉+〈h−hδ, ς−ςβδh1h2

〉+〈hδ−T δh1h2
ςβδh1h2

, ς−ςβδh1h2
〉+〈T δh1h2

ςβδh1h2
−Tςβδh1h2

, ς−
ςβδh1h2

〉

≤ 〈Tς − h, ς − ςβδh1h2
〉+ δ||ς − ςβδh1h2

||+ β〈IZςβδh1h2
, ς − ςβδh1h2

〉+ 〈T δh1h2
ςβδh1h2

− Tςβδh1h2
, ς − ςβδh1h2

〉
However,

〈T δh1h2
ςβδh1h2

− Tςβδh1h2
, ς − ςβδh1h2

〉 ≤ h[g(||uβδh ||)||u− u
βδ
h1h2
||+ g(||φβδh1h2

||)||φ− φβδh1h2
||].

Substituting we have
0 ≤ 〈Tς−h, ς−ςβδh1h2

〉+δ||ς−ςβδh1h2
||+β〈IZςβδh1h2

, ς−ςβδh1h2
〉+h[g(||uβδh1h2

||)||u−uβδh1h2
||+g(||φβδh1h2

||)||φ−
φβδh1h2

||].

As β, δ, h1, h2 → 0, we have

0 ≤ 〈Tς − h, ς − ς̄〉 .

Hence by the monotonicity of T , we have

T ς̄ = h.
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Finally from (2.5),
〈ςαδh1h2

, ςαδh1h2
− ς〉 ≤ δ

α
||ςαδh1h2

− ς||Z + h1h2
α

[g(||u||)||uαδh1h2
− u||+ g(||φ||)||φαδh1h2

− φ||].

As δ
α
, h1
α
, h2
α
→ 0, we have

〈ςαδh1h2
, ςαδh1h2

− ς〉 ≤ 0

implying that

||ςαδh || ≤ ||ς||.

Hence

||ςαδh1h2
|| ≤ minς∈N ||ς||.

Therefore Theorem 1.9 is satisfied.

2.2 Case 2
Let α, β > 0 be small real numbers. We study the regularized Hammerstein type operator equation:

u+ (B + βIH)(A+ αIH)u = ω (2.6)

Then equation (2.2) is put in the form

Tαβςαβ = h (2.7)

where

Tαβςαβ = [Aαuαβ − φαβ , uαβ +Bβφαβ ], h = [0〈, ω],

ςαβ = [uαβ , φαβ ] ∈ Z

and

Aα = A+ αIH, B
β = B + βIH.

Therefore

Tαβςαβ = [Aαuαβ − φαβ , uαβ +Bβφαβ ] + [αIHuαβ , βIHφαβ ]

= Tςαβ + [αIHuαβ , βIHφαβ ] := Tςαβ + Iαβςαβ

Since T is monotone, for any ς , ςαβ ∈ Z , we have

0 6 〈Tς − Tςαβ , ς − ςαβ〉.

= 〈Tς − h+ Iαβςαβ , ς − ςαβ〉

372



Prempeh et al.; BJMCS, 7(5), 366-374, 2015; Article no.BJMCS.2015.131

= 〈Tς − h, ς − ςαβ〉+ 〈Iαβςαβ , ς − ςαβ〉.

As α, β → 0; 〈Iαβςαβ , ς − ςαβ〉 → 0 and therefore

0 6 〈Tς − h, ς − ςαβ〉

implying that

Tςαβ = h

that is, ςαβ is a solution of (2.2). Next as we subtract (2.2) from (2.7) , we have

〈Tαβςαβ − Tς, ςαβ − ς〉 = 0.

Simplifying this last equation, we have:

α||uαβ ||2 + β||φαβ ||2 6 α〈uαβ , u〉+ β〈φαβ , φ〉. (2.8)

However with

〈uαβ , u〉 6 1
2
[||uαβ ||2 + ||u||2]

〈φαβ , φ〉 6 1
2
[||φαβ ||2 + ||φ||2]

(2.8) becomes

α||uαβ ||2 + β||φαβ ||2 6 α||u||2 + β||φ||2. (2.9)

Following a similar argument from Case I, it is clearly seen that

||ςαβ || ≤ minς∈N ||ς||.

3 Conclusions
In this work, we have studied two levels of perturbations in Hilbert spaceof Hammerstein type operator
equations. In Subsection 2.1 the perturbations on the operators A and B were chosen at different
levels while in Subsection 2.2 the perturbations on the normalized duality mapswhich are adjoined to
the operators A and B. These regularized equations can be used to find approximate solutions of the
non-linear Hammerstein integral equations of the form (1.1).
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