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1.  Introduction

The establishment of a convenient standard that would pri-
marily serve to unify the mass/force and optical metrology 
fields is a realistic objective that could be achieved in the near 
future. In accordance with the ‘2019 redefinition of the inter-
national system of units (SI)’, the kilogram will be derived 
based on the fixed numerical value of the Planck’s constant h 
[1–3] using two approaches, namely, the x-ray crystal density 
(XRCD) [4] and the Kibble balance [5] methods. This con-
stant, if the corresponding measurements would be performed 
with the necessary accuracy and precision [6, 7], may lead 
to even more direct and simplistic connection of these two 
fields by simple linear equation that assumes the relation of 
the energy/momentum/force with the wavelength/frequency 
of a single photon, independently of any gravitational field 
involved (i.e. the Earth’s or around of any other massive 
object for that matter).

Problem and challenges: traditionally, the realization of 
reference force (F) measurements which are traceable to the SI 
is conducted by a gravimetric method under static conditions. 
Effectively, this means that the measured value of the static 
force is connected to the mass of the known weight standard. 
As easy as it may sound, the force in SI is defined in accord-
ance to Newton’s second law of motion, and is expressed as 
force  =  mass × acceleration. Its unit is the Newton (N), and 
is defined as (N  =  kg · m · s−2). It is thus traceable to the 
base units of mass (kg), length (m), and time (s). Accordingly, 
with the knowledge of the value of the absolute gravitational 
acceleration at the site of measurements, the gravitational 
force acting on an object with a weight of 1 milli-gram (mg) 
in a direction along the normal to the Earth’s surface can be 
referred to as the value of the generated reference force equal 
to approximately 10 µN). However, even in the case of the 
most reliably manufactured set of standard weight pieces (E1 
class), the maximum permissible error for a standard weight 
piece of 1 mg is already ±0.003 mg [8–10]. Hence, this 
method introduces considerable technological challenges to 
the conventionally accepted notion of force calibration at the 
corresponding force scale levels (10 µN). As a consequence, 
for static force calibrations at these small scale limits (�10 µ
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N, nN, 10 pN) an internationally recognised or accepted offi-
cial standard is not established yet. Among other issues, this 
method also limits the calibration capabilities of the dynamic 
forces at the level of above several mN [10–12].

Upon the existence of a compliant standard or of the devel-
opment of a method, it would greatly simplify the answers 
to the following questions: (a) what is the minimum force 
required (expressed in SI units) to drive the physical separa-
tion of deoxyribonucleic acid (DNA) molecules during the 
genomic transactions with single molecule force spectroscopy 
based on atomic force microscopy (AFM)? (b) What are the 
required magnitudes of the radiation forces and torques for 
trapping the objects (atom, ion, molecule, particle, etc) in the 
tailored opto-mechanical systems [13, 14]? (c) What is the 
actual magnitude and the characteristics (static and dynamic) 
of the forces detected during the gravitational wave experi-
ments [6]? These quantitative analyses are sometimes crucial 
for scientists and engineers in a broad range of interdiscipli-
nary fields ranging from clinical biochemistry, biology, elec-
trochemistry, classical and quantum mechanics, and optics.

Practical realization of small force measurements: since 
the beginning of the last century, it has been known that the 
electromagnetic radiation carries energy and momentum 
through space [15, 16]. Further observations confirmed that 
at the edge of light–matter interaction, the radiation pressure 
of the laser field generates small detectable forces owing to 
the transfer of the momentum of the photons. During the 
past decades, the means for controlling and for proper utili-
sation of some of apparent effects of the photon momentum 
have also been shown by many scientists and applied engi-
neers. Despite the fact that these forces are small and scale 
approximately as 6.7 × 10−9 N of the laser field generated 
upon a single reflection at a normal incidence angle from a 
perfectly reflecting material, they can be still increased by a 
special configuration of the multi-pass (multi-reflected) laser 
beam, and can be subsequently used for generation of refer-
ence force values at higher orders of magnitudes. As it has 
been reported in our previous work [17] and by other authors 
elsewhere [18], before being involved with the framework of 
the experimental quantum mechanics and before encountering 
other light–matter interaction effects—including the optical 
interference or light scattering—there are plenty of research 
opportunities at the composite level of ray optics and classical 
mechanics. Moreover, due to the fact that the force can be 
derived and formulated on a more fundamental level based on 
the time-derivative of the (photon) momentum F = dp/d(t), 
its use provides also potentialities for direct time-dependent 
referencing of the generated or measured forces in static and 
dynamic modes (without encountering gravitational interac-
tions between the test objects, so-called gravity-free meas-
urements) with further construction of more simplified, 
SI-traceable metrological chain.

Considerable advances have been achieved in precision 
force metrology and in the interrelated field of precision cali-
bration of the average power of the laser sources. However, 
there are limited numbers of publications (for details see 
[19–26] mainly from developed metrology institutes, such 
as the PTB, CNAM, and the National Institute of Standards 

and Technology) where the effect of the radiation pressure 
was employed for purely metrological proposes. Most of the 
arguments against or in favour of the usage of the radiation 
pressure or photon momentum of the laser fields for metro-
logical purposes are considered when the reflection (transfer 
of the photon momentum) from the surface of the perfectly 
reflecting material takes place only once, a phenomenon also 
known as single-shot measurement.

The advances of other precision length metrology field 
are more significant due to the increased attention and popu-
larity gained from numerous research projects from different 
research groups and institutions. Examples include multi-
national research projects, such as the laser interferometer 
gravitational-wave observatory (LIGO) [6], whereby meas-
urements of the speed of light were implemented over long 
distances based on science and technology at the picometer 
scale (or higher) [27, 28]. In the LIGO project, consider-
able effort has been directed in researching and developing 
frequency and power-stabilised laser interferometric sys-
tems locked within macroscopic optical cavities (suspended 
mirrors with a diameter of 34 cm with a separation distance 
of 4 km approximately), similar to the conventional prin-
ciple employed in coherent etalons. At different stages of the 
LIGO development process, the optical power is enhanced 
sometimes from several W to several tens of kW inside the 
impedance-matched Fabry–Pérot and in the Michelson-type 
macroscopic opto–mechanical cavities. Herein, a special 
mention is deserved of the continuous improvements of the 
angular sensing and control system for the fine positioning 
of the mirrors. It is a necessary adjustment in order to over-
come instabilities, such as for instance, Sigg–Sidles [29, 30] 
type for sustaining a stable resonator configuration of the 
mirrors. In other words, the increased or even small varia-
tions of the radiation pressure effects on the spatial orien-
tation of the mirrors and on material properties should be 
directly addressed and compensated with servo systems to 
avoid the generation of cavity instabilities. This requires a 
complex kinematic description for particular applications of 
interest in order to identify all the torque and force comp
onents involved in the opto–mechanical dynamics. The 
direct relation of these interdisciplinary fields of metrology 
for length, force, and laser power measurements, are also 
apparent. As mentioned, to the best of the practical capa-
bilities, the magnitudes of the measured forces with their 
associated uncertainties are necessary to be determined with 
high accuracy and precision based on specific SI-traceable 
metrological chain.

The results of this study are organised as follows. In sec-
tion  1, an overview and the Introduction to the motivation 
behind the small, optically generated small forces are briefly 
described as a connection between the mass/force and optical 
metrology field assuming recently achieved advances reported 
elsewhere, including the optical cavity enhanced develop-
ments for laser power calibration [18, 24]. In section  2, a 
measurement model for the small, optically generated forces 
is introduced on the strict account of the actual experimental 
capabilities of the force measurement setup (FMS). In sec-
tion  3, the results of the measurements are reported with a 
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special emphasis on the establishment of practical means for 
reproducible static and dynamic force measurements. In sec-
tion 4, a discussion and Conclusions are outlined.

2.  Measurement model

2.1. Theoretical background

We have already introduced the basics of the theoretical 
computation principle for the generated forces when mul-
tiple non-overlapping reflections (also known as oblique or 
specular) occur on surfaces having near-to-ideal reflectivity 
(quasi-parallel planar mirrors, similar to the Herriott cells or 
the suspended Fabry–Pérot cavities) [17]. In addition, several 
temporary mechanical re-arrangements were implemented 
to the existing FMS to allow the adaptation of certain types 
of mirror configurations, and to achieve a necessary geom-
etry for the occurrence of multiple reflections. Accordingly, 
the following practically realized force measurements for 
different number of reflections showed results which agreed 
with the theoretically calculated values. The attempt of com-
paring theoretical and experimental results was made with an 
intention to show the proof-of-concept on more generalised 
grounds and in a convincingly simple form. Furthermore, the 
results shown in [17] were limited to some elementary level 
and they contained unidentified deviations or uncertainties 
that could have been attributed to the following three main 
factors:

	 •	�large uncertainties of the force measurements with FMS 
in view of the fact that the maximum magnitudes of the 
measured forces due to radiation pressure were only 
approximately ten times larger than the actual floor noise 
of the FMS;

	 •	�power losses or the poor stability of the output power 
of the diode laser module (estimated only approxi-
mately in our case), could have induced fluctuations of 
the average laser power during the signal modulation 
operations; and

	 •	�theoretical simplifications and assumptions during the 
calculations of the total radiation pressure force.

In this study we aim to focus our attention on several 
aspects of the interaction dynamics of the radiation pressure-
induced precision small forces. The initial analyses reported 
in [17] have been conducted based on the assumption of use 
of one of the simplest and most stable types of optical configu-
rations in conjunction with the usage of planar mirrors with 
their reflective coated sides facing each other. Meanwhile, 
we considered that the forces generated due to the radiation 
pressure were acting on the mirror under the quasi-static 
assumption. In addition, we assumed that the mirrors were 
not moving during the measurements, but were rather con-
trolled with a servo system around their original, naturally 
achieved, mechanically stable, zero position, in the closed-
loop operation regime. This servo system is an integrated part 
of the commercially available electromagnetic force compen-
sation (EMFC) balance. However, even in this configuration, 
when the number of reflections and the distance between the 

mirrors change, the laser beam (or the reflection spots) can 
overlap on each other. Accordingly, the cavity can change to 
the Fabry–Pérot resonator, that in some cases can be unstable 
even against negligible (parasitic) mirror movements.

In other reports, the experimental observation of radiation-
pressure-induced effects, or so-called direct measurements 
of the radiation pressure and the circulating power inside the 
Fabry–Pérot optical cavity, were conducted on interferometric-
based setups [18, 31]. In this configuration, coupling between 
the acoustic and the mechanical modes of the cavity mirrors 
with the cavity optical mode can take place. These coupling 
could then lead to a change of an experimental configuration 
(known as parametric instabilities) that requires several feed-
back stabilization techniques. In contrary, in our study, we 
emphasize the use of a more simpler fundamental approach 
to evaluate and show the practicalities of photon-momentum-
generated force measurements with the employment of 
specular reflections and the usage of more conventional comp
onents in the experimental setup, thus eliminating issues asso-
ciated with apparatus-based limitations.

When the laser beam impinges in a direction parallel to the 
normal of the surface of an almost perfect mirror with a 99.9% 
reflectivity (assuming elastic collisions), at the first reflection, 
the force generated due to the total momentum transfer of the 
photons from the 1.5 W power laser source would be approxi-
mately 10 nN (equation (1)):

F = Ks · x(t) =
Power

c
(1 + RL)� (1)

N∑
j=1

Fj =
1 + RL

c

N∑
j=1

Powerj� (2)

where F is the net force, Ks is the stiffness of the force meas-
urement system, x(t) is the displacement of the measure-
ment point, Power is the average laser power at instant t, c 
is the speed of light, RL is the coefficient of reflectivity, j  is 
the number of consecutive reflection, N is the total number of 
reflections, Powerj  is the residual power at the j th reflection, 
and Fj  is the generated radiation force at the j th reflection. 
This may seem to be a quite a small force, however it is of 
the same order of magnitude with the one that is considered 
as the floor noise (readability) of our FMS. At the core of the 
FMS, there are two independently working, state-of-the-art 
precision weighing cells that operate based on the principle of 
EMFC for the mechanically balancing proportional lever arm, 
and with an optoelectronic position sensor that includes a light 
emitting diode source, a light receiver photo-detector, and a 
light transmitting shutter-slit. Assuming the mechanical stiff-
ness of the single EMFC balance (Ks  =  200 N m−1, addition-
ally, at those small force levels this value can differ by several 
percent. There is no comprehensive force standard that can 
be used to validate this value at these small force levels) this 
force can theoretically induce a translational shift equal to 50 
pm (δx � λ/2π , where λ is the wavelength of the laser light) 
in the direction of the impinging laser beam in the case the 
mirror is allowed to move (open-loop regime, which should 
be recalled as a passive optical cavity). In turn, if 20 or 100 
specular reflections occur between the two suspended mirrors, 
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then the translations of each mirror become 1 nm and 25 nm. 
Additionally, only in cases at which more than 1000 reflections 
occur, the size of this translation can get the size comparable 
to the wavelength of the laser field. In this case, the interfer-
ence effects should not be neglected any longer. This may 
cause a change in the generated forces due to the continuous 
interplay between the radiation pressure effects, which are the 
combination of the forces generated due to simple specular 
reflections (Fspec) and destructive or constructive interferences 
(Finterf) [32–36]. Therefore, in this study, we have developed 
and we will refer to specific time-dependent basic theoretical 
constraints in a reasonably plausible manner to distinguish 
between the static and dynamic radiation pressure gener-
ated forces against the actual measurement capacities of the 
existing FMS. Thus, in this study, we present confirming static 
and dynamic experimental results of reproducible small force 
measurements below 1 µN level, whereby the typical errors 
reported in other studies (gravimetric method) may reach 
values equal to a hundred percent when considered within the 
conventionally accepted SI traceability chain.

2.2.  Measurements

A sketch of the experimental setup is presented in figure  1. 
Based on the parameters and the geometry of the setup, the 
theoretical considerations and the basic calculations were 

made. In figure  2, a diagram is presented showing the total 
force generated and the circulating power from the input laser 
source (P  =  1.5 W) between the mirrors (coefficients of reflec-
tivity of R  =  0.995 and R  =  0.99) as a function of the number 
of reflections (equations (1) and (2)) In accordance with these 
computations and the parameters of our FMS setup (spring 
constant, damping factor, and the total mass suspended from 
the EMFC balances), the total circulating laser power would be 
approximately P  =  300 W. This power level can theoretically 

Figure 1.  (a) Isometric model showing the main components of the experimental setup with an illustration of the specular reflections 
between the mirrors (1—laser source, 2—reference power meter, 3—force measurement setup (FMS), which consists of the common 
bearing plate, electromagnetic force compensation (EMFC) balances (transparent), and 1 in mirrors fixed to the EMFC balance in a quasi-
parallel configuration at a separation distance of approximately L  =  0.09 m; (b) isometric view showing the development of the reflection 
pattern on the mirror and its arrest on the reference power meter, where the residual power of the laser can be measured/referenced; 
(c) typical pattern of the specular reflections; and (d) sketch of the simplified experimental setup).

Figure 2.  Total power of the laser field circulating in the cavity 
from the input 1.5 W power (right axis) and the corresponding total 
force (left axis) as a function of different number of reflections 
(equation (2) from the mirrors with respective reflectivities of 99% 
and 99.5%.

Meas. Sci. Technol. 30 (2019) 105004
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induce a total force of 2 µN and a translation of the single 
mirror of 5 nm. This absolute force value is more accessible for 
measurements, and is quite near the limit of the calibrated and 
SI-traceable, commercially available force transducers.

In earlier attempts of our measurements, due to the geomet-
rical limitations of the experimental setup, only 21 reflections 
have been achieved in total from both 1 in square mirrors. 
The following computation principle has been considered to 
analyse the measured force signal. Considering an example 
whereby eight reflections occur in total (i.e. the paradigm at 
which groups of four reflections occur at each mirror), the 
weighted averaged force on each mirror can be calculated as 
a sum of the individual reflections based on equation (1). The 
sum of all the forces produced by an impinging laser beam at 
each mirror can be described as FPS8 =

∑
F(P2,P4,P6,P8) and 

FPS7 =
∑

F(P1,P3,P5,P7) (see figure  1(d), equations  (1) and 
(2)). Correspondingly, the measured signals from the first 
and second EMFC balances represent F1 = −FPS8 + Ferr  and 
F2 = FPS7 + Ferr, where Ferr is considered to be the common 
error in both EMFC balances originating mainly from the 
ground vibration noise. Thus, subtracting the signals, the 
total sum produced by the laser source would be equal to 
FP(Total) = FPS7 + FPS8.

For the initial measurements, the following relatively 
straightforward procedure was considered. The laser power 
was switched on and off with periods of 10 s, and the signal 
from the FMS was recorded. The averaged maximum of 
the modulated laser power signal (within a 10% accuracy) 
was assumed to be reaching within several µs from P  =  0 
to P = Pmax. A number of independent measurements were 
performed at different day and time periods. After every 
set of measurements, angular adjustments of the mirrors 
and of the incident angle of the laser beam were made to 
achieve generation of different number of reflections. The 
mean values and associated standard deviations at each step 
response were collected after the settling time (1.4 s) of the 
FMS was reached. The resulting data sets of the measured 
force values as a function of the number of reflections (3, 
9, 15, and 21) were compared with the theoretically calcu-
lated curves for the laser power of 814 mW (see figure 3, 
-�) and an example of 1000 mW (-�). The values of the 
standard deviations of these force measurements at each 
step response have been found to be approximately equal to 
10 nN (dependent on the filter which was used). Note that 
the manufacturer of the EMFC balances specified their floor 
values based on the parameter of the readability, which is 1 

Figure 3.  Comparison of measured and theoretically calculated force values as a function of the number of reflections. Circles (dashed 
lines) mark the mean values of the measured data at each step response without offset correction, and the error bars display the combined 
standard uncertainty of all the measurements. The solid lines are obtained from calculations based on equation (2). © 2017 Optical Society of 
America. Reproduced from [17]. CC BY 4.0. 

Figure 4.  Normalised Bode magnitude diagram (spectrum) of the measured signal due to the laser power modulation in the case of a 
configuration with 21 reflections, and the dynamic behaviour of both operational modes (open- and closed-loop) obtained from calibration 
measurements of the EMFC balance with the reference method (see [17, 19]).

Meas. Sci. Technol. 30 (2019) 105004
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µg. This value approximately corresponds to a force value 
of 10 nN, see [19].

To achieve a distinct separation between the characteristics 
of the measurement capabilities of the setup and the actual 
physical process that we aim to measure, we included herein 
the comparison and the procedural considerations of the 
dynamic performance of the FMS against the excitation forces 
generated (a) by the reference actuation mechanism, electro
magnetic voice coil actuator, and by the (b) radiation pressure. 
Initially, the following parameters were defined to generate 
the sine wave function: frequency range f 0 to fend, separa-
tion between the grid points within the frequency range ∆f , 
peak-to-peak amplitude of the applied electric current ∆I , and 
signal length ∆ti. Subsequently, an electric current was gener-
ated through the digital current source, and was applied to the 
external voice coil based on the following function:

Ii( fi) = ∆I sin
(

2πfi ∆ti
)

= ∆I sin
(

2π
[

f0 + i ·∆f
]
∆ti

)
.

�
(3)

In the closed-loop operating mode, the compensation (con-
trol) current of the integrated coil inside the EMFC balance 
was chosen as an output signal. In the open-loop operating 
mode, the output signal is chosen to be the voltage signal of 
the positioning sensor of the EMFC balance. In both cases, the 
output signal is analysed against the feed-in signal, which is 
the electric current applied to the voice coil and the generated 
force due to the radiation pressure. Subsequent analyses are 
conducted with periodic root-mean-squared averaged laser 
power modulations with varied amplitude and frequency.

Before the settling time of the EMFC balance is reached 
(during its reaction time τ = 1.4 s), we may still extract some 
force signal readings and obtain their statistical estimates for 
the applied quasi-static forces. Based on this assumption and 
the statistical estimation approach, we observed reproducible 
values in reference to the magnitude of the measured forces 
for periods of averaged laser power modulation down to  
0.5 s (2 Hz). However, there were other measurements con-
ducted at loading frequencies up to 7 Hz which were also 

included in the bode magnitude diagram, as presented in 
figure 4. The measured data for the case at which 21 reflec-
tions were generated are plotted as a ratio of the measured 
force to the theoretically expected values of the applied force, 
and were calculated based on equation  2 (red circles). The 
data for the open-loop calibration (red curve) is obtained as a 
ratio of the measured voltage of the positioning sensor of the 
EMFC balance to the applied calibration force (measured as 
a voltage value from the voltage-to-current converter based 
on the use of an external voice coil actuator). The data for the 
closed-loop calibration (blue curve) was obtained as a ratio 
of the necessary compensation current applied to the internal 
voice coil actuator to maintain a stable position indication at 
the zero point (naturally achievable equilibrium state during 
the open-loop configuration when no force was applied) to 
the applied calibration forces (measured as the corresponding 
current value by an external voice coil actuator):

open-loop ∼ 20 · log
Vpos.sens

Vapplied
� (4)

closed-loop ∼ 20 · log Imeasured

Iapplied
� (5)

Photon momentum(closed-loop) ∼ 20 · log Fmeasured

Ftheory
.� (6)

One should note also that the calibration with the use of the 
reference method with the conventional voice coil actuator 
imposed in our case a 5%–7% inaccuracy at low-force levels 
(100 nN and below). For additional information, the reader 
is referred to [17, 19] for the detailed results from the FMS 
system and for all the measurements which had been obtained 
previously. As mentioned, the measurements of the net force 

Figure 5.  Example of static force measurements with an applied laser power exposure time of 10 s. (a) Measured force signals from 
the FMS in the case at which 22 reflections occurred at five different magnitudes of the applied average laser power. A feed backward 
averaging filter was chosen for the last 15 bins to filter raw data. (b) Output power: the residual laser power measured by reference power 
meter1 after the last reflection for the input power settings of 360, 850, 1350, 1765, and 2000 mW.

Table 1.  Basic parameters of three different diode laser sources 
(according to the manufacturer’s datasheet specifications) used to 
generate optical forces.

Laser Wavelength, nm    Power range, mW  

1. Blue 420 ± 10 980 ± 1%
2. Blue 450 ± 7 50–2000 ± 1%
3. Green   520 ± 2 100–900 ± 1%

1 See footnote 2.
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from each balance were obtained based on this compensation 
signal and on the assumption that no coupling existed between 
the mirrors. Therefore, no reduction or addition to the total 
measured force could be argumented here. We assumed that 
the total mechanical work done by the total sum of the forces 
acting on the quasi-static moving mirrors was conservative.

3.  Static and dynamic measurements

In this section, some examples of the additional force mea-
surements at static and dynamic modes are presented. The 
new measurements demonstrate improvements from several 
aspects, including the reproducibility, control, range of the 
measured forces, precision, and the dynamical characteristics. 
We used the same FMS in closed-loop operational modes, as 
presented in [17]. Additionally, we integrated a photodiode 
power sensor2 that allowed us to reference the residual power 
of the laser field directly at the exit of the cavity after the last 
reflection took place (see figures 1(a) and (b)). We have re-
examined the following two types of measurement: (a) the 
measurements conducted with average laser power modula-
tion periods  >5 s are considered as a static condition (see 
figure 5); (b) during the dynamic measurements, the average 
laser power values were modulated using two distinct wave-
forms (sine and square) with different root-mean-square (rms) 
and offset values for frequencies in the range of 0.2 Hz–10 Hz 
(see figure 8).

The laser power modulations were made using similar pro-
cedures, described by equation (3). However, in this case, the 
electric supply current was applied to the continuous wave 
laser modules. Prior to each series of measurements, the laser 
modules were calibrated (in-house) and the dependencies of 
the average output laser power against the supply electric 
current were identified with relative uncertainty at levels less 
than 1%. To overcome the low stability issues of these laser 

modules, the absolute output values were adjusted to maintain 
the same level of nominal output laser power for each meas-
urement. The maximum operational output power of each 
laser source was limited to avoid thermal dissipations or other 
non-linear behaviours.

In addition, we tested the force measurements, which were 
generated with three different diode laser sources. The relevant 
parameters are listed in table 1. The cross-sectional diameter 
of the beam for all laser sources was adjusted to about a value 
of approximately 3 mm. Before each experiment, the geom-
etries of the multiple reflections had been deliberately tuned 
to maintain the same diameter at the first reflection with neg-
ligible divergence and upon entrance to the reference power 
meter (see figures 1 and 11). We used the same, conventional 
optical (1 in) square mirrors, which had reflectivities  >99.5% 
at the corresponding wavelengths of the lasers (according to 
the datasheet specifications for the fused silica mirrors pro-
vided by the manufacturer). Complete measurements using 
all the laser modules and the practically achievable number 
of reflections in the static case is provided in figures 6 and 7.

As it is shown by the measurement results plotted in fig-
ures 3, 6 and 7, the values obtained based purely on simple 
theoretical grounds (calculations completed with the use of 
equations (1) and (2)) differ from the measured results. The 
errors are in the range of 10%–20%. This discrepancy can 
be attributed to some unknown systematic error, which is not 
yet identified but would be possible to correct in the future 
(or is due to some unknown radiation pressure effect that is 
worth studying in detail). These errors are typically attrib-
uted to power losses that can be referenced by the measured 
residual power. In turn, these can arise from the imperfections 
of the experimental setup, the manufacturing quality, and the 
reflectivity of the mirrors, light scattering, and other factors. 
Although, these type of assumptions seem to be among the 
most obvious ones for consideration, however, in the absence 
of a force standard at these force scale levels, and at the 
absence of any comprehensive methodology for verification 
of the measured results based on specific SI-traceable chains, 
these assumptions can be made yet inconclusively. Moreover, 

Figure 6.  Comparison of measured and theoretically calculated force values as a function of the residual power of the laser with the 
wavelengths of (a) 420 nm and (b) 520 nm. Data were collected for different duration (5 s, 10 s, 15 s) of the laser exposure time. An 
example of measurements with a 10 s laser exposure time is presented in figure 5. The input laser power in (a) is fixed at 980 mW, and 16, 
18, and 20 reflection configurations are tested. In (b) the laser power is set during the different experiments at the levels of 395, 648, and 
876 mW, and the measurements are conducted for 14 and 22 reflection configurations. Dashed lines show the measured mean values, and 
the error bars display the combined standard uncertainty of all the measurements. In (a) the elliptic bounds represent the combined standard 
deviations from the mean value of all the measurements with coverage factors equal to k  =  1 and k  =  2. The solid (circle marker) lines are 
obtained from calculations using equation (2) for mirrors with 99.5% reflectivity.

2 S142C model—Integrating sphere photodiode power sensor from Thorlabs 
GmbH, Si. Wavelength range 350 nN–1100 nN, resolution 1 nW, uncertainty 
±3%, and linearity drift ±0.5%.
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Figure 8.  Example of the measured forces at the dynamic mode for the configuration with 22 reflections using a blue laser at 450 nm as 
a function of time. (a) Laser power modulation with a 2000 mW peak-to-peak laser power amplitude sine wave function at 2 Hz with a 
filtered signal. (b) Similar as in (a) but with the use of a square wave function at 0.6 Hz. The red solid curve represents the theoretically 
calculated force values using equations (1) and (2) based on F = FTheory · [1 + sgn(sin ft)]. In the case when the black dashed calculations 
are made using the mean value of the measured force signal at the static mode, F = F(measured static) · [1 + sgn(sin ft)].

all the measured results were obtained at various experimental 
conditions. Therefore, for the same number of reflections but 
with different opto-mechanical configurations, a number of 
measurements were carried out (i.e. repetitive measurements 
at different days, different modulation periods and magni-
tudes, with different patterns of the specular reflections, and 

different dead paths of the impinging laser beam, as shown in 
figures 1 and 11).

During the dynamic mode of the laser-pressure-induced 
force measurements, we have obtained comparable and repro-
ducible results based as in the case of the static mode of meas-
urements. Particularly, figure 8 shows measurement examples 

Figure 7.  (a) Comparison of measured and theoretically calculated force values as a function of the residual power of the laser at a 
wavelength of 450 nm. The signal durations are 5 s, 10 s, 15 s, and the input laser power levels are 360, 850, 1350, 1765, and 2000 mW. 
Dashed lines show the measured mean values, while the error bars display the combined standard uncertainty of all the measurements. 
The solid (circle marker) lines are obtained from calculations using equation (2) for mirrors with 99.5% reflectivity. (b) Estimation graph 
showing the expected saturation force for large numbers of reflections in the cases when the nominally applied laser power settings are 
2000 mW (red) and 1765 mW (blue) and could be utilized completely. The linear fit converge in the cases of the theoretically calculated 
values (solid) at 2.5 µN, and in case of the actual measurements at 1.3 µN (dashed). (c) Standard deviations of the measured forces as a 
function of the standard deviation of the measured residual power; (d) standard deviation of the measured forces as a function of the mean 
values of the measured residual power; and (e) relative deviations of the force measurements as a function of the relative deviation of the 
measured residual power.
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using two different waveforms (sine and square) at different 
frequencies. The measured forces have the same magnitudes 
but differ in comparison to the calculated values based on equa-
tions  (1)–(3). Figure  8(b) shows the calculated force values 
using the theoretical model (red solid) and the calculated mean 
force values based on the mean values obtained from static 
force measurements (black dashed). These are plotted over 
the measured raw data obtained during the dynamic mode of 
operation. The reproducibility of the measurements was con-
firmed with multiple trials for all the reflection configurations 
over the full frequency range from f 0  =  0.2 Hz to fend = 10 Hz. 
For each frequency component both the sine and square wave-
form signals were created and were measured separately at dif-
ferent peak-to-peak amplitudes (for an applied electric current 
∆I , as indicated in equation (3)). Each measured data set had 
been evaluated based on its corresponding Fourier transforma-
tion (FFT). Accordingly, the single-sided amplitude spectrum 
from each measurement was collected. Figures 9 and 10 pre-
sent two of the representative sets of measurements with dif-
ferent peak-to-peak modulation amplitudes and frequencies at 
approximately 1 Hz. As an example, figure 9(b) shows the laser 
power at a frequency of 1 Hz which was modulated with 360, 
850, 1350, 1765, and 2000 mW peak-to-peak amplitude sine 

wave and then at 1.2 Hz with the same 360, 850, 1350, 1765, 
and 2000 mW peak-to-peak amplitudes but with a square wave, 
and further exchanging the type of waveforms for the next fre-
quency components upwards. In figure 9(a) the set of measure-
ments with the square waveform were performed at a frequency 
of 1 Hz, and with a sine wave at a frequency of 0.9 Hz, and fur-
ther exchanging the type of waveforms for the next frequency 
components downwards. From these figures it can be observed 
that the radiation-pressure-induced forces are different for dif-
ferent waveforms, but they have the same peak-to-peak modu-
lated amplitudes of laser power. This is explained based on two 
reasons: first, it is because the FMS during the sine wave exci-
tation is continually measuring forces as an underdeveloped 
signal. Second and foremost, an inaccuracy of approximately 
100% may be introduced at this small force levels when the 
gravimetric method of force referencing is used (i.e. SI trace-
ability to the absolute value of the standard mass pieces) [9–11], 
and an inaccuracy in the range of 5%–7%is evoked when an 
alternative method of referencing is used based on the voice 
coil actuator (without knowledge of its absolute value) [19]. In 
the future, assuming the solid reproducibility of our measure-
ment results, more elaborated experimental procedures could 
be applied to study this hidden systematic error (or possibly 

Figure 9.  Example of the single-sided amplitude spectrum of the measured forces at the dynamic mode for the configuration with 22 
reflections using a blue laser at 450 nm as a function of frequency. Laser power modulation with 360, 850, 1350, 1765, and 2000 mW 
peak-to-peak amplitude sine (red) and square (blue) waves. (a) Sine and square waves at 0.5, 0.7, and 0.9 Hz, and at 0.6, 0.8, and 1 Hz, 
respectively, and (b) sine and square waves, at 1, 1.4, and 1.8 Hz, and at 1.2, 1.6, and 2 Hz, respectively.

Figure 10.  Results pertaining to a configuration scheme with 14 reflections. These outcomes are similar to those shown in figure 9.
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evaluate this as a distinct physical effect due to the radiation 
pressure) together with the discrepancy between the theoretical 
and measured results.

4.  Conclusion

In this study, we presented radiation-pressure-induced preci-
sion small force measurements in static and dynamic modes, 
at a somewhat troublesome range of forces below 1 µN and 
above 10 nN. In many cases, this range presents itself as a 
connecting link between the domains of quantum and clas-
sical mechanics [7, 13, 14, 35]. The precision of the force 
measurements was limited by the capabilities of the state-of-
the-art precision weighing cell (calibrated against the gravi-
metric method in the vertical direction, however used in our 
case for measurements in the horizontal direction). The forces 
were generated by the radiation pressure effect, created by 
multiply reflected beam of continuous wave visible (diode) 
lasers about 1 W average power which was amplified within 
the macroscopic cavity system up to several tens of W. Static 
(<0.2 Hz) and dynamic (range 0.2–10 Hz) modes of measure-
ment were considered for different excitation signals with sine 
and square waveforms whose peak-to-peak amplitudes ranged 
from several hundreds of mW up to 2 W. In this study, the 
theoretically simple mathematical and physical constraints, 
and the magnitudes of the physical quantities (considered 
around the optimal range of experimental operation, and the 
numerical convenience at 1 Hz, 1 W, 10 nN to 1 µN, >99.5%, 
as indicated by equations  (1) and (2)) underlying the mea-
surement procedures were presented, and the up-scaling (or 
down-scaling) estimations useful for the future works were 
discussed. The measurements provided understanding on how 
in the future, using well-known principles from the mass/force 
and optical metrology fields, a more simple, SI-traceable route 
for the referencing of the averaged laser power, reflectivity 
coefficient, and force measurements (particularly at the verifi-
able lower force end) could be accomplished, including the 
dynamical force calibrations.
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