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In this article, the concept of sequential #-metric spaces has been introduced as a generalization of usual metric spaces, b-metric
spaces, JS-metric spaces, and mainly F-metric spaces. Some topological properties of such spaces have been discussed here. By
considering this notion, we prove fixed-point theorems for some classes of contractive mappings over such spaces. Examples
have been given in order to examine the validity of the underlying space and in support of our fixed-point theorems. Moreover,

our fixed-point theorem is applied to obtain solution of a system of linear algebraic equations.

1. Introduction and Preliminaries

Two distance-controlled functions have been used exten-
sively by the researchers working on fixed-point theory for
obtaining fixed points of mappings such as contractive or
expansive mappings in nature. Also, the polygonal inequality
involved in a metric-like structure plays vital role for defining
the topology on such space. But nowadays, after the intro-
duction of JS-metric space, the latest fashion is to define a
metric-type space which does not involve any type of polyg-
onal inequality (see [1-3]). There is an immense literature in
fixed-point theory and applications. For instance, in [4], a
class of generalized (y,a, 3)-weak contraction has been
introduced, and some fixed-point theorems in the framework
of partially ordered metric spaces have been proved. The
authors also applied their results to a first-order ordinary
differential equation.

Now, we remember some efforts on F-metric spaces.

In [5], Asif and Nazam noticed that the existence of fixed
points of F-contractions, in an F-metric space, can be
ensured with restricted conditions on the Wardowski func-
tion F : (0,00) — R. They obtained some fixed-point results
for both single and set-valued Reich-type F-contractions in

F-metric spaces. To show the usability of our results, we
present two examples. Also, an application to functional
equations is presented.

In [6], Jahangir et al. investigated some properties of
F-metric spaces. They presented a simple proof to show
that the natural topology induced by an F-metric is
metrizable. They also presented a method to construct
F-metric spaces from bounded metric spaces. They also
showed that F-metrics are not necessarily jointly continuous
functions. They showed that the Nadler fixed-point theorem
and, therefore, the Banach contraction principle in the
framework of F-metric spaces, the Schauder fixed-point the-
orem in F-normed spaces, and also some related F-metric
fixed-point results can be reduced to their original metric
versions.

We now give some definitions of generalized metric-type
spaces which are relevant to our research work.

Definition 1 (b-metric space) [7, 8]. Let A be a nonempty
set and /& be a real number satisfying h>1. A function
0, : AxA— R* is a b—metric on A provided that

(1) oy(a,c)=01ifand only ifa=c


https://orcid.org/0000-0002-3820-3351
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/5570653

(2) o,(a,c)
(3) o,(a,

=0,(c,a) foralla,ce A
¢)<hloy(a,e) +o,(e c)] forall a,c, e € A

The space (A, 0,,) is called a b-metric space.
Let A be a nonempty set and 0, : Ax A —[0,00) be a

mapping. For any a € A, let us define the set

C(o, A a) = {{an} cA: lim o,(a, a) :0}. (1)

n—~o0 9

Definition 2 (JS-metric space) [9]. Let o,
be a mapping such that

€))] crg(a, )=

(2) for every a,c € A, we have 0 (a,c) =0 ,(c, a)

:Ax A—>[0,00)

0 implies a = ¢

(3) if (a,c) e Ax Aand {a,} € C(o,, 4, a), then 0 (a, c)
<llim sup,_,,0,(a,, c), for some > 0.

The pair (4,0,) is called a generalized metric space,
usually known as JS-metric space (JSMS).

Definition 3 (¥-metric space) [10]. Let A be a nonempty set.

A mappingo;: AXA— [0,00) is said to be an F-metric on
A, if for all g, c € A, » 0y satisfies
(1) of(a,c)=0ifand onlyifa=c
os(a,c)=0g(ca) (2)

(2) For every m € N with m > 2, and for every (u;)}" with

(uy, u,,) = (a, c), we have
m—1
Q(os(ac (Zaf U >+k atc, (3)
i=1
where Q : (0,00) — (—00,00) is an increasing func-

tion such that OQ(t,) — —co for all 0-convergent
sequence {f,} and k € [0,00).

The pair (4, 0/) is called an F-metric space.

Motivated from the previous definitions and based on
these ideas, we now define a new generalized metric-type
space in our next section.

2. Sequential #-Metric Spaces

In this section, we introduce the concept of sequential

F-metric space. To develop such a notion, first we define

S(o,4,a)={{a,} cA: lim o(a,,a)=0}, where o:Ax
—>00

A—>[0,00) is a given mapping.
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Definition 4. Let A be a nonempty set. A mapping 0:AX
A —[0,00) is said to be a sequential F-metric if for all

a,beA
(F1) o(a,b) =0 impliesa="b
(F2) o(a,b)=0(b,a)
(F3) Q(o(a, b)) <Q(lim supo(a,, b)) + p, for all {a,} €

S(0, A, a), where O : [0,00] — [~00,00] is an increasing
function with Q(t) = co iff t = 00, Q(t,) — —oo for all 0-
convergent sequence {t,} and p > 0.

The triplet (4, 0, Q) is called a sequential F-
(SEMS). A SFMS indicated simply as (4, o).

metric space

Example 5. Let A=N and the metric o : A*> —
defined by

[0,00) be

0(1,1)=0;
o(n,n)=e-1, forn>2;
1
o(1,n)=0(n, 1) =cosh <—) -1, forn>2;
n+1
forall n, m > 2 withn # m.

(4)

o(n,m)=o0(m,n)=cosh (mn) -1,

Also, let Q(x) =1-1/4/x.

For n>2, S(o, A, n) =@. Let {n,} € S(o, A, 1). If all but
finitely many terms of {,} are 1, then we have nothing to
prove. So, suppose that {n,} only have finitely many 1’s.
Without loss of generality, we can exclude such 1’s, and then,

we get lim supo(m, n,) = hm [cosh (mny) — 1] = co. There-
k—00
fore,1-1/4/0(1,m)<1-1/ [lim supo(n, m) for all m > 2.

k—00

Hence, o is a sequential p-metric on A for Q(x)=1-1/
Vxforallx>0and p=1.

Note that taking a=3, b=2, and c=1, we see that
o(a,b)—(o(a,c)—o(c, b)) =cosh6—1—(cosh (1/3-1) +
cosh (1/4—1)) = 198.190377258. So, ¢ is not a usual metric.
Now, if a, b are sufficiently large and c=1, again, the left-
hand side in triangular inequality in a b-metric space is
greater than the right-hand side. So, o is not also a b-metric.

To show that ¢ is not an F-metric space, it is sufficient to
take m = 3, g, b are sufficiently large and c=1. So

Q(os(a ) =0

z 1
Q(;Gf(“ ”z+1)> +k=Q(cosh (m) -1
1
+ cosh (—) —1) +k—k.
n+1

(5)

(cosh (mn) — 1) — oo,

Proposition 6. Any F-metric space (A, D) is a SFMS.
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Proof. Since (A, D) is an F-metric space, then for every
(a,b) € A%, for every m € N with m >2 and for every (u;)'
with (uy, u,,) = (a, b), we have

m—1

f(D(a, b)) sf(Z D(u;, u,.+1)) +k a#b;where (f, k) € F x [0,00).
i=1
(6)
Therefore, it follows that

f(D(a, b)) < f(D(a,c)+D(c,b))) + k,fora# band forany c € A.
(7)

Thus, for any a, b € A, if we take {a,} € S(o, A, a), then
we see that

f*(D(a, b)) <f*(D(a,a,) + D(a,,b))) + kforalln>1, (8)

where f* : [0,00] — [-00,00] is defined by f*(0)=-oco0,
f*(00) =00, and f*(¢) =f(¢) for all 0<t<o00. So

f*(D(a, b)) < f* <1im supD(a,, b))) +k (9)

n—~a~o

and therefore, D also satisfies condition (¥#3). Hence, D is a
sequential F-metric on A for the mapping /™ and k € [0,00).

Proposition 7. Any JS-metric space (A, d) is a SFMS.

Proof. Since d is a JS-metric, then there exists [ > 0 such that
foralla,beA

d(a, b) <1lim supd(a,, b) forany {a,} € S(d, 4,a). (10)

n—~oo

Thus

Q(d(a,b)) < <lim supd(a,, b))

n—00

(11)
+log (I) forany {a,} € S(d, A, a),

for all a,beA. So, d also satisfies the third condition of
Definition 4 for the function Q(#) =logt for all 0 <t < co
and Q(0) = —co, Q(c0) = 00, and p=log (I). Hence, d is a
sequential F-metric on A.

Remark 8.

(i) A metric space, b -metric space [7, 8], metric-like
space [11], and modular metric space with the Fatou
property [12] are JS-metric spaces. Therefore, these
spaces are also SEMS

(ii) Any s— relaxedp metric space [13] is an F-metric
space and therefore is also a SEMS. There exist b-
metric spaces which are not F-metric spaces (see

[10]); therefore, our SEMS is a stronger concept than
the concept of F-metric space.

The following is an example of a SFMS which is not
an F-metric space as well as not a b-metric space.

Example 9. Let A=N and o : A* — [0,00) be defined by o
(1,1)=0, o(n,n)=2, o(1,n)=0(n,1)=1/n* for all n>2,
and o(n,m)=c(m,n) =1+ (1/m+n) for all m,ne N\ {1}
with m # n. Then for all n>2, S(o,A,n)=D. Let {n;} €
S(o, A, 1). If all but finitely many terms of {n;} are 1, then
we are done. So, let {n; } only have finitely many 1’s. Without
loss of generality, we can ignore such 1’s, and then, we get
lim sup,_,o(m, n) =lim__ [l + (1/m+n;)] = 1. There-
fore, o(1, m) <lim sup,__, o(m,n;) for all m>2. So, (4,
o) is a SEMS for Q(t) =log ¢ for all 0 < ¢ < co, 2(0) = 00,
0(00) =co and p=0. If it is an F-metric space, then there
exists (f, k) € F x [0,00) such that

flo(n,m)) < f(o(n,1)+0o(l,m)) +ktoralln, m(n+m)>2.
(12)

Taking n,m — 0o, we see that f(1+ (1/n+m)) —
— 00, a contradiction. Hence, ¢ is not an F-metric. In a
similar way, we can show that o is not a b-metric on A.

Definition 10. Let (A,0) be a SFMS. Also let {a,} be a
sequence in A and a € A.

(i) if {a,} €S(0,4,4a), {a,} is called convergent and
converges to a
(i) if lim o(a,a,,)=04a,} is called Cauchy

n,m—=o0

(iii) if any Cauchy sequence in A is convergent, A is
called complete.

Definition 11. Let (A, 0) and (%, 0*) be two SEMS. If for any
€ > 0 there exists 8, > 0 such that for any u € A, 0*(Su, Sa) < ¢
whenever o(u, a) <6, then S : A — % is called continuous
atapoint a € A. S is said to be continuous on A if § is contin-
uous at each point of A.

Proposition 12. Let (A, o) be a SFMS and {a,} be a conver-
gent sequence converging to some a, b € A; then, a =b.

Proof. If possible, let a # b. Then

Q(o(a, b)) <O <lim supo(a,, b)) +p——00, (13)

n—=00

a,, b) =0, a contradiction. Hence, the result.

sincelim,_,_ o(

Proposition 13. Let (A, o) be a SEMS. If {a,} converges to
some a € A, then o(a, a) = 0.



Proof. From the condition (#3) of Definition 4, we have

Q(o(a,a)) <O (lim supo(a,, a)) +p——-00, (14)

n—=ao00
implying that o(a, a) = 0.

Proposition 14. Let {a,} be a Cauchy sequence in a SFMS
(A,0). If {a,} has a convergent subsequence {a, } which

converges to a € A, then {a,} also converges to a € A.

Proof. From condition (#3) of Definition 4, we have

Q(o(a,,a))<Q <lim supo (a,,, ank)> +p,foranym>1.

k—00
(15)

Taking m — oo, we get Q(o(a,,, a)) — —00 as m —
0. Therefore, o(a,,, a) — 0 as m — oo, that is, a,, — a
as m — 00.

Remark 15. Here is an example of JS-metric space which is
given by Senapati et al. [14]. Let A=R*" U {0,00} and d :
A* — [0,00) be defined by

d(a,b) = (a+b,eithera=00rb=0;1+a+ b, otherwise.
(16)

(i) In this space, we see that the sequence {1/n} con-
verges to 0, but it is not a Cauchy sequence. Since
any JS-metric space is a SEMS also, therefore, in a
SEMS, a convergent sequence is not necessarily
Cauchy

(ii) Also, in a SEMS, if {a,,} and {b,} are two sequences
convergent to a and b, respectively, then {o(a,,b,)}
may not be convergent to o(a, b). For this, let us con-
sider two sequences {1/2n},., and {1/(2n+1)},.,,
and then, both the sequences converge to 0 but

d(12n,1/(2n+1)) =1+ 1/2n+1/2n+1) — 1 #0
=d(0,0).

Proposition 16. In a SEMS (A, o), if a self mapping T is
continuous at a€ A, then {a,}€S(o,A a) implies that
{Ta,} €S(0, A Ta).

Proof. Let € > 0 be given. Since T is continuous at 4, then for
any ¢ >0, there exists §, >0 such that o(u,a) <3,, ue4,
implies 0(Tu, Ta) <e.

Let{a,} € S(0, A, a). Since {a, } converges to a; for §, > 0,
there exists N € N such that (a,,, a) < 8, for all n > N. There-
fore, for any n > N, o(Ta,, Ta) <&, and thus, Ta, — Ta as
n—> 00, thatis, {Ta,} € S(o, A, Ta).
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Let (A,0) be a SEMS with supporting function Q and
p = 0. Define

B(a,{)={beA:0o(a,b)<o(a,a)+{}, 17)
Bla,{]:=={beA:0(a,b)<0(a,a)+(},

for all ae A and { > 0.

Remark 17. The family

7, = {B}U{U(+ &) C A: forany a € U, there exists {

(18)
> 0 such that B(a, () c U}

forms a topology on A.

Definition 18. If there exists an open set U C A such that
F=A\U in a SEFMS (4,0), then F is said to be closed.

Proposition 19. Let (A, 0) be a SFMS and [F C A be closed. Let
{a,} C Fsuch that a, — a as n —> 0o. Then, a € F.

Proposition 20. Let (A, o) be a complete SFMS and F C A be
closed. Then, the subspace (F, o) is also complete.

Definition 21. In a SEMS (4, 0), for A C A, we define
diam(A) = sup {o(a, b): a,be A}. (19)

Theorem 22. Let (A, o) be a complete SEMS and {F,} be a
decreasing sequence of nonempty closed subsets of A such that
diam(F,) — 0 as n — oo. Then, N2, F, = {a}.

3. Some Fixed-Point Theorems

Theorem 23 (Banach-type fixed-point theorem). Let (4, 0)
be a complete SFMS and @ : A— A be a mapping which
satisfies the following conditions:

(i) o(@(a), d(b)) <uo(a,b) forall a, b € A and for some
pel(0.1)

(ii) there exists a, € A such that 8(o, @, a,) = sup {0 (&'
ag, @ay): i,j=1,2,} < 00.

Then, @ has at least one fixed-point u in A. Moreover, if v
and w are two fixed points of @ in A with o(v, w) < 0o, then
v=w.

Proof. Define 8(o, @, ay) :=sup {o(@*ay, @a,): i,j>

1} for every p>0. Since 8(0,®,a,) < oo, then §(o, @,
ay) < oo for all pe NU{0}. Now

o (@ ay, @ay) <po (@ ag, @ Vay) <pd(o, @, ay),
(20)

for all ,j>1 and p>1.
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Therefore, 8(o, @"*!, ay) < ud(o, @, a,) for all p=1,2,
3,---, from which it follows that lim 8(o, @, a,) =0.

p—00

Now, for any 1 <n < m, we have

O_(@nao) wmao) — O_((Dn—lﬂao) (Dn—1+(mfn+l)a0) (21)

<§(0,@",ay) — Oasn — co.

So, {@"a, } is Cauchy in A, and so, there exists some u € A
such that @"a, — u as n — co. Thus, o(@"'a,, Ou) < po
(@"ay, u) — 0 as n —> oco. From Proposition 12, it follows
that @u = u and u is a fixed point of @.

Now, if v and w are two fixed points of @ in A with
o(v,w) < 00, then we have o(v, w) = o(@v, dw) < po (v, w)
which gives o(v,w) =0 implying that v=w.

Example 24. Let A=R*U {0} endowed with the distance
function:

& ifa+b;
o(a,b) = . (22)
0, ifa="b.

Then, (A, 0) is a SEMS for Q(t) = -1/t and p=1. Now,
let us define @ : A — A as follows:

0, if0<a<li;

0(a) = { (23)

a-1, ifa>1.

Then, @ has all contractive conditions of Theorem 23 for
p = exp (—1) and also satisfies all other additional conditions.
Here, @ has a unique fixed-point 0 in A.

Theorem 25 (Reich-type fixed-point theorem). Let (4, o) be
a complete SFMS and @ : A — A satisfy

(i) o(@(a), @(b))<Ao(a,b) +po(a,@(a)) +vo(b,
®(b)) for all a,b e A and for A, u,v € (0, 1) with A +
utv<l

(ii) there exists a, € A such that 8(o, @, a,) =sup {o(@’
ag, @ay): i, j=1,2,-} < 0.
Then, the Picard iterating sequence {a,}, a, = ®"a, for
all ne N converges to some u€A. If o(u, ®(u)) < oo and
O(vt)+p<Q(t) for all t>0 then ueA is a fixed point

of @. Moreover, if v is a fixed point of @ in A such that
o(u,v) < oo and a(v,v) < oo, then u=v.

Proof. Let us define 8(a, @*!, a,) = sup {o(@*'ay, @"*/ay):
i,j>1} for every p>0. Since 8(o,®, a,) < 0o, then §(o,
@', a,) < oo forall pe NU{0}. Now

o(@*ay, @ay)
< Ao (@ ay, @ iay) + po (@ ag, @iy
+ vo(wp’“jao, (D‘”jao) foralli,j>1,
<rd(o, @, ay) forallp>1,wherer=A+pu+v<1.
(24)

Proceeding in a similar way as in Theorem 23, it follows
that {@"a,}, that is, {a,,} is Cauchy in A, and so, there exists
some u € A such that a, — u as n — 00. Therefore, we get

0‘(an+1’ (Du) < /\U(an’ Ll) + Ha(an’ a)(an)) (25)
+vo(u, @u)foranyn > 1,

which implies that lim sup,_,_0(a,,,> @u) <vo(u, du).

Thus, using condition (#3) of Definition 4, we have

Oo(u, ou)) <Q (lim supo(a,,» @u)) +p

n—aoo

(26)
<Q(vo(u, du)) +p.

Now, if o(u, @u) > 0, then by the assumed condition of
the theorem, we see that Q(o(u, @u)) <Q(vo(u, du)) +
p<Q(o(u,@u)), a contradiction. Thus, o(u, @u) =0 gives
®ou=u, and u is a fixed point of @.

Now, if v is a fixed point of @ in A with o(u, v) < co and
a(v,v) < 00, then we have o(u,v) =o(@Qu, @v) <Ao(u,v) +
po(u,ou) +vo(v,ov)=Ao(u,v), as o(v,v) =0, implying
that o(u, v) =0, that is, u=v.

Corollary 26. Let (A, ) be a complete SEMS and @ : A — A
satisfies

(i) o(@(a), (b)) <v[o(a,@(a)) + (b, @(b))] for all a,
be A and for v e (0,1/2)

(ii) there exists a, € A such that 8(o, @, a,) = sup {o (@'
ap @ay): i,j=1,2,--} < 0.

Then the Picard iterating sequence {a,}, a,=d"a, for
all neIN converges to some u€A. If o(u,®(u)) < oo and
Q(vt)+p<Q(t) for all t>0, then ucA is a fixed point
of @. Moreover, if v is a fixed point of @ in A such that
o(u,v) <oo and o(v,v) < oo, then u=v.

Proof. If we take A =0 and g = v, then this corollary follows
from our Theorem 25.

Example 27. Let A=1[0,1] endowed with the distance
function:

la—bl+|a-b’, ifa#b;
o(a,b) = . - (27)
> Ha=»o.

Then (A,0) is a SEMS for Q(t) =logt and p=1log 2.
Now, let @ : A — A be defined as

. 1
, if0<acx< 5;
a(a) = (28)

1
, if —<a<l.
2

vl A~



Then, @ satisfies the contractive condition of Corollary 26
for v=1/3. Here, all other additional conditions are also
satisfied. We see that @ has a unique fixed-point 0 in A.

Theorem 28 (Chatterjea-type fixed-point theorem). Let (4,
o) be a complete SFMS and @ : A— A be a mapping

satisfying

(i) o(@(a), @(b)) < x[o(a, ®(b)) + (b, @(a))] for all a,
b € A and for some x € (0, 1/2)

(ii) there exists a, € A such that 8(o, @, a,) = sup {o(&®'
ag, @ay): i, j=1,2,+-} < 0.

Then the Picard iterating sequence {a, }, a, = @"a, for all
n =1 converges to some u € A. If lim sup,_, o(a,, ®(u)) <
00, then u € A is a fixed point of @. Also, if v is a fixed point
of @ in A such that o(u,v) < 0o, then u=v.

Proof. By similar argument as in Theorem 23, {a, } is a Cau-
chy sequence in A, and by the completeness of A, it converges
to an element say u € A.

Now, for all ne NU{0}, o(a,,;, ®u)=o0(da,, du) <
xlo(a,, @u) + o(a,,,,u)], which implies that lim sup,
o(a,,;, ou) < ylim sup, ., o(a,, @a), and therefore, lim
sup,_,.,0(a,, ®u) =0. Thus, we have

Qo(u, du)) < Q(lim supo(a,, (Du)> +p=-00, (29)

n—=oo

which gives o(u, ®u) =0, that is, ®u=u, and u is a fixed
point of ®.

If v is a fixed point of @ in A with o(u, v) < co, then
we have o(u,v) =0(ou, @v) < x[o(u, @v) + o (v, du)| = 2x0
(u, v). Consequently, o(u,v) =0, that is, u=v.

4. An Application to the System of Linear
Algebraic Equations

An application of Theorem 23 for solving a system of linear
algebraic equations has been presented in this section.

Consider the following system of » linear algebraic equa-
tions with n unknowns:

piAy + Aot tp A, + 6 =0,

Pt + PpAottpy A, 6, =0, (30)

pnlAl +Pn2A’2+'“+pnnAn tc, = 0,

where p;;, ¢; € R for all 1 <, j < n. We can write the system of
linear equations in matrix notation as PA+ C= O, where
pP= (pij)nx s A= (A Ap -5 0,), C= (565005 ¢,), and O =
(0,0, -+,0). To find a solution of the system of linear Equa-
tions (30), we have to find a fixed point of the mapping
g: R"— R" defined by g(A)=QA+C, where Q=P+
In’ that is, Q = <qij)nxn with ql] :pij if li] and q;i :pii +
1 foralli=1,--,n

Advances in Mathematical Physics

Now, we define o : (R")* — [0,00) by

2
o(x,y) = max [M A+ | ()L,- - A:) },wherex =(A))andy= (/\:)
(31)
Then, o is a sequential F-metric for Q(t) =logt and
p=log2.

Theorem 29. If

n n 2
Z|qij|+<2|qij|> <u<lforalll<i<n, (32)
j=1 j=1

then the system of linear Equations (30) has a unique solution
n (R", o).

Proof. To find a unique solution of (30), we show that the
mapping g : R" — R" defined by g(x)=Qx+ C for all
x e€R", where Q=P +1,, that is, Q= (qij)w with g;; =p;;
if i#jand g;=p;+1 for all i=1, -+, n, satisfies the con-
tractive condition of Theorem 23. Now, for any x=(},)

and y= (1)) in R", we have
> ,,(}tj—)\]’.) <qu](A A)) }

0(g(x), g(y)) = max

1<i<n

q l]

< ! !
< Sl -3+ (Sl -
S?;g qu]‘a(x, ( x, ]

( !) ({%Z!%\) 0y

Suo(x,y).
Since (R",0) is complete, therefore, due to Theorem
23, g has a unique fixed point, that is, the system of linear
Equations (30) has a unique solution in R".

dij

(33)

We now give a numerical example in respect of
Theorem 23.

Example 30. Let us consider the following system of linear
algebraic equations in three variables:

094, +0.14, +0.15A; + 1 =0,
0.1A, +0.851, + 0.1, +2 =10, (34)

0.1A, +0.054, + 0.84; +3=0.
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Then, the system of linear algebraic Equations (34) has a
unique solution.

Solution. Let A = R? be the SFMS endowed with the metric
0 : A* — [0,00) defined by

1<i<3

o(x%y) = max{pt A + (Aif)xi')z},forallx:(/\i)andy:(Ai')inA.

(35)

We can write the above system of linear algebraic
Equations (34) as

~0.91, - 0.1A, - 0.15, - 1 =0,
~0.11, - 0.851, — 0.1A; —2 =0, (36)
~0.1A, — 0.051, — 0.8, —

Here, p,, =-0.9,p,, =-0.1,p;53 =-0.15, p,; ==0.1, p,, =
—0.85,p,5 = 0.1, py; = —0.1, py, = =0.05, pys = 0.8, ¢, = -1,
¢, =-2,and ¢; =-3.

Thus, q,, =0.1, q;, = 0.1, q;3, =—0.15, ¢,; = 0.1, ¢,, =
0.15, g,; =—0.1, g5, = 0.1, g5, = —0.05, and ¢,; = 0.2. Also,
we see that

>

j=1

q’]‘ = ql]

2

=0.4725< lforall 1<i<3

) (7)

Hence, from the Theorem 23, it follows that the sys-
tem of linear algebraic Equations (34) has a unique solu-
tion in R3, which is given by A, =-0.3018, A, = —1.894,
and A; =-3.593.
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