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The modified short-wave equation is considered under periodic boundary condition. We prove the global existence of solution with
finite energy. We also find traveling wave solutions which is the form of elliptic function.

1. Introduction

The nonlinear propagation of waves of short wavelength in
dispersive systems was discussed in [1, 2]. They proposed
the simple nonlinear short-wave equation that is likely to
describe the asymptotic behaviour of the Benjamin-Bona-
Mahony-Peregrine equation [3, 4]. The short-wave equation
was studied in [1] numerically for periodic and nonperiodic
boundary conditions. The following characteristic initial
value problem for the periodic short-wave equation was dis-
cussed in [5]:

U, =u—3u’ (1)
with initial data

u(x,0) = f(x), @
where the real valued function u satisfies the periodic bound-
ary u(0,t) =u(L,t) and describes a small amplitude wave

depending on space variable x and time variable ¢.
The solution of the Fourier series was considered in [5]:

u(x, t) _ Z un(t)eiZTrnx/L’ (3)

nezZ

where u_, =, for all n € Z. Integrating (1) on [0, L], they

obtained

J (u—3u?)(x, t)dx =0, (4)

0

which implies, combined with (3),

uy=3ug+3 Z |, | (5)
neZ,n#0

Then, they obtained

1
u0=6<li\/1—36 Y n2|u,,|2>, (6)
neZ,n#0

from which a restriction on the initial data is imposed to
guarantee ), ., .o n’|u, |* < 1/36. Let us consider a homoge-
neous solution u(x, t) = u(t). To satisfy (4), possible homoge-
neous solutions are u(t) =0 and u(t)=1/3 which gives a
serious constraint on the initial data.

The present work is motivated by the question of whether the
restriction of the initial data can be removed. In order for the ini-
tial value problem to make sense for a large range of initial data, it
seems to be essential to modify the differential equation (1). We
consider the following modified short-wave equation:

L

(1 =3) (3. £)dy, (7)

1
utxzu—?:uz——J
L],
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with initial and boundary conditions

u(x,0) =f(x),
(%.0)=f(x) "

where we assume compatibility condition f(0) = f(L) = g(0).
We impose the second condition in (8) to guarantee uniqueness.
Note that the initial data (2) only is not sufficient for the unique-
ness of solution to the initial value problem [6-11]. Even for the
linear equation
V=0, v(x0)=f(x), )
we have solutions v(x, t) = f(x) + h(t), where h is any C' func-

tion with /(0) = 0. For the solution to (7) satisfying (8), we have
a compatibility condition, considering u(0, t) =Y .., u,(t),

(1) =g(t) = Y. u(t). (10)

neZ,n#0

We refer to Section 2 for more information of (7) and (8).
We consider the solution of Fourier series (3). Let us
denote by H the space of complex sequences v={v,},,:

H= {Vz{vn}nEZ|"V"2<OO’V—n=17n}’ (11)
where the norm is defined by

WP =[vl+ Y Py, (12)
neZ,n#0

The first result is concerned with the global existence of
solution.

Theorem 1. For data g € C'[0,00) and f € H satisfying f(0)
= g(0), problems (7) and (8) have a unique solution u € C(]
0,00), H) of the form (3).

Remark 2.

(1) Let u € C([0, T], H) be a solution of equation (7).
Then, we can show several regularity properties by
applying the same argument as Proposition 2.3 in
[5]. In fact, for all t >0, Fourier series solution (3)
converges uniformly in x. Its sum is differentiable in
x for almost all x € [0, L]. The derivative satisfies the
condition (- t) € L*[0,L] and u,(x,-) € C[0, 00).
Moreover, u, is differentiable in ¢, and (7) holds for
almost all x € [0, L]

(2) It is an interesting problem to consider an initial
value problem of (1) on the whole line x € R. We refer
to [7, 10, 11] for more information

Our next result is concerned with the existence of the
traveling wave solutions of the form

u(x, t) =u(x+ct). (13)
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Note that any constant function u = C is a steady solution
of (7). We know, for L periodic function u,

L
u(x) - 3u2(x) dx=m,
0

JL u(x +ct) = 3u’(x +ct) dx = J

0 (14)

where m is a constant. Substituting the ansatz (13) in (7), we
obtain

d*u , m
cd—§2=u—3u - (15)

where & = x + ct.

Theorem 3. There are nontrivial traveling wave solutions u(
x,t)=u(x+ct) to (7) for m<0 or 0<m/L<1/16. In fact,
we have solutions of the elliptic function

u(x +ct)=a-bsn’(Mx + ct), k). (16)

We refer to Section 3 for precise values of a, b, ¢, A, and k.
With the change of variable t = 1/2(T + X) and x = 1/2(
T - X), equation (1) becomes a semilinear wave equation

Upp — Uyy = U= 3U%, (17)

and initial condition (2) becomes data on characteristic line
T + X = 0. The Cauchy problem on the torus T" for the semi-
linear wave equation v,, — Av + f(v) = 0 with initial data v(x
,0) =vy(x), v,(x,0) = v, (x) was studied in [12, 13]. Stability
of periodic waves of KdV, Schrodinger, Klein-Gordon equa-
tions was studied in [14-16]. It is a quite interesting problem
to study the stability or instability of the above traveling wave
solution to (7).

In Section 2, Theorem 1 is proved. In Section 3, we find
traveling wave solutions of (7) to prove Theorem 3. We will
use A < B to denote an estimate of the form A < CB, where
C is a positive constant.

2. Proof of Theorem 1
Let us introduce the following main result of [5].
Theorem 4. If f € H satisfies

1
2 2
<_:

neZ,n#0

|| -3 =0

0

(18)

then problems (1) and (2) have one and only one solution of
the form (3). For all t >0, Fourier series (3) converges uni-
formly in x. Its sum is differentiable in x for almost all x € [0
,L]. The derivative satisfies the condition u.(-t) € L*(0, L]
and u,(x,-) € C[0,00). Moreover, u, is differentiable in t,
and (1) holds for almost all x € [0, L.

X
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Two restrictions on the initial data are imposed in Theo-
rem 4. Let us review the derivation of equation (1). The Ben-
jamin-Bona-Mahony-Peregrine equation reads as

V,+V, =V, =3(V3. 19
X

Taking change of variables V(x,t) = U(&, 7) with & =x/e
and 7 = ¢t, equation (19) becomes

1
eU, + _ (Ug = Uy, - 3(U7)) =0. (20)

Considering small ¢, an asymptotic equation Ug — U,
-3(U?) ¢ = 0 is obtained which can be integrated in & to give

Ug, =U-3U"+H(), (21)

where H(7) is integration constant with respect to variable &.
The zero condition H(7) = 0 was considered in [1].

To remove restrictions on the initial data in Theorem 4
and allow more solutions like traveling wave solutions, we
consider the following modified short-wave equation:

1 L
U, =u-3u* - —J u - 3u* dx, (22)
L},

with conditions

u(x, 0) = f(x), (23)

u(0,0) = u(L, 1) = (1) (24)

where we assume f € H, g € C'[0,00) and compatibility con-
dition f(0) = f(L) = g(0). We can check that fé U, dx=0in
(22). Note that the initial data (23) only is not sufficient for
the uniqueness, and additional condition (24) is needed for
the characteristic initial value problem [6, 7, 17].

Substituting (3) into (22), we obtain a system of ordinary
differential equations

d il
P Ti i (u,,—.’a Z u“uﬁ> forn+0. (25)

a+B=n

For n =0, the left side of (22) is zero. Let us calculate the
right-hand side of (22). Considering the solution of Fourier
series (3), we have

1 L
ZJ u—3utdx =uy—3uy -3 Z U] (26)
0 neZ,n+0

Then, the right-hand side of (22) becomes for n =0

1 L
uy—3 Z Uglig = ZJ u—3u2dx=u0—3u§—32 U U_,
0

a+=0 a0
— | uy—3ug -3 Z lu,|* | =0,
neZ,n#0
(27)
where u_, = i, is used. Relation (24) implies

neZ,n#0

Therefore, we arrive at the following system of ODEs:

d il
TR <un—3 Z uaul;) forn#0,

a+f=n
(=g~ Y u(t) (29)
neZ,n#0
un(o) :.fn’

where f(x) = ¥, f,e?™ .
We say that a function u € C([0, T], H) is a solution to

problem (22)-(24), if the Fourier coefficients u,, satisfy (29)
for all n. For v e C([0, T), H), we define an operator @ : C(|
0, T), H) — C([0, T), H):

D,(v)(t)=f, - ijt <vn - 32 vavn_a> forn+0,

2nn ), =

(30)

We will prove a local existence part of Theorem 1 by
applying a standard contraction mapping theorem. Denote
by F, € C([0, T], H) the function F (x,t) =f(x) + g(t) and
consider a space

S = {v € C((0, T, H): v - F, <M}, (31)

where T >0 and M > 0.

Proposition 5. Let f € H and g € C'. Then, the mapping (30)
is a contraction mapping from Sy, to Sy for a sufficiently
small T.

Proof. We follow the argument of Proposition 2.2 in [5] with
little modifications which come from the different definition



of @y(v) in (30) from (6). For v, w € Sy, we have

> 1D, (v) - D, ()]

n#0
t e8]
SZ J Ivn—wn|+z
0

n#0 k=—co

<t3 [ -af Qi

n#0 =-00

2
[Vie = k| [Vyi| + |0 |Vyk = ‘Un-k|d5>

2
Vi = @ | (Wil | )) ds

<rZJ 1V = @+ [V = @02 ([, + [0, )

n#0

1
+ <z F) Z kz‘vk - wk|2(|vn7k‘2 + |wn7k|2) ds

k+0 k+0

t
< t(J 1+ v, [+ |wn|2ds> v - wl?

0 n#0
2 2 2 2
< T2 (L+IvIP+lwl*) v - wll.

We also have

[@o(v) -

P<(Y D) - Dy(w)

k#0

(2 8) (5 vro

< CT? (1+vIP+lwl) v - wl?,

()I)

(33)

where (32) is used. Combining (32) and (33) and considering
v, w € Sy, we have

ID(v) - D(w)I? < CT* (14 FyI” + M?) v - wll?,  (34)

which is contraction mapping for sufficiently small T > 0.

Let u € C([0, T], H) be a solution of the equation u = @(
u). Then, we can show several regularity properties in
Remark 2 by applying the same argument as Proposition
2.3 in [5]. We skip the proof. We will prove the conservation
of H norm.

Proposition 6. Let u e C([0, T],
Then, we have

H) be a solution of (22).

> wlu () =Y 7If (35)

nez nezZ

Proof. Multiplying 0,u on both sides of (22) and integrating
on [0, L], we have

d L

LI B 5 1
dtJ |0, uldx = JO iE)x(u)—ax(u)dx—zj u

© (3

L
- 3u? de O, udx=0,
0
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which implies

J |axu(x,l‘)|2dx=J0 |0,u(x, 0) | dx. (37)

0

Moreover, a direct calculation implies that

L 2 4n’ 2 2
| e opae=Y Twwop, )
0

from which we can derive (35).

From Proposition 5, we have a local solution u € C([0, T
), H) of (22)-(24) for a sufficiently small T > 0. By Proposi-
tion 6, we can extend a local solution to a global one which
completes the proof of Theorem 1.

3. Traveling Waves
Here, we consider a traveling wave solution to (7) of the form

u(x, t) = u(x + ct), (39)

where a positive constant ¢ will be determined later. Note that
we have, for L periodic function u,

L

JL w(x + ct) — 3% (x + ct) dx = J u(x) -

0 0

3u? (x) dx=m,
(40)

where m is a constant. Substituting the ansatz (39) in (7), we
obtain

2
cﬂ =u-3u*-A, (41)
dg?
where & =x + ct and A = m/L. We integrate (41) to obtain
¢ (u 2——u3+1u2—Au'—hu (42)
AV A L

We will consider the cases of 0 < A < 1/16 or A <O0.

(1) For 0 < A < 1/16, h has three distinct real roots 0 < «
< f3, where

Q= 4 5

(43)
/3_1+\/1—16A
4

Applying change of variable u = 8 — (8 — «)z*, we derive

an equation for z

dz\*

(75) SN (1-2) (1-K2), (44)
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where A\* = f/2c and k* = (B — «)/B. It is well known in [18]
that the solution of (44) is given by the elliptic function z(&
) =sn (A, k). Therefore, we have

u(§) = B (B a)sn* (AL, k). (45)

Since the period of sn?(x, k) is 2[7° dy/\/1—k* sin’y,

we impose the following condition from which the period
of (45) becomes L:

77/2
ZnJ dy

0 \/1-K sin?y

which can be rewritten as

-172
2 2vV1-16A
2nJ <1 _—— sin2y> dy

=ALforsomen €N,  (46)

0 1+v1-16A

L (1+vI-164)\ "
Ve 8 '

(47)

For a given 0 < A < 1/16, the constant c is determined by
(47).

(2) For A <0, h has three distinct real roots «; <0 < a,,
where

1-+1-16A

o = N
4 (48)
1++v1-16A
oG=—.
4

Applying change of variable u = a, — a,z%, we have an
equation for z

N -2 -2 4

LY =rva-20-R2). )

where \* = (a, — «,)/2c and k* = a,/(a, — &, ). Then, we have
u(®) = a, — oy sn* (A&, k). (50)

To make the solution (50) L periodic, we impose

0

5 Jﬂ’z ) 1+V1-16A _, md
n - SIn
2v/1-16A Y Y (51)

L
=—(1- 16A)1/4 forsomen € N.
24/c

For a given A <0, the constant ¢ is determined by (51).

Remark 7. For A =0, we have c(du/d&)* = u?(1 - 2u) which
can be integrated as

V1-2u-1
VvV1-2u+1

— eE+ulﬁ) (52)

where a is an integration constant. We know that u < 1/2. If
u(&,) = 0 for some &;, we have 0 = e(%*9/V¢ which is a contra-
diction. So, we have 0 < u < 1/2 or u < 0. For a periodic func-
tion u, we have u(0) = u(L). Then, we obtain ell+®)/Ve = ¢#/V¢
which is a contradiction. The similar argument can be
applied for the case of A =1/16 to show that there is not a
nontrivial periodic solution u.
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