Hindawi

Advances in Mathematical Physics
Volume 2021, Article ID 6610021, 15 pages
https://doi.org/10.1155/2021/6610021

Research Article

Hindawi

Analytical Solution of Two-Dimensional Sine-Gordon Equation

Alemayehu Tamirie Deresse

, Yesuf Obsie Mussa

, and Ademe Kebede Gizaw

Department of Mathematics, College of Natural Sciences, Jimma University, Ethiopia

Correspondence should be addressed to Yesuf Obsie Mussa; yesufobsie@gmail.com

Received 26 December 2020; Revised 8 March 2021; Accepted 9 April 2021; Published 3 May 2021

Academic Editor: Maria L. Gandarias

Copyright © 2021 Alemayehu Tamirie Deresse et al. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work
is properly cited.

In this paper, the reduced differential transform method (RDTM) is successfully implemented for solving two-dimensional
nonlinear sine-Gordon equations subject to appropriate initial conditions. Some lemmas which help us to solve the governing
problem using the proposed method are proved. This scheme has the advantage of generating an analytical approximate
solution or exact solution in a convergent power series form with conveniently determinable components. The method
considers the use of the appropriate initial conditions and finds the solution without any discretization, transformation, or
restrictive assumptions. The accuracy and efficiency of the proposed method are demonstrated by four of our test problems, and
solution behavior of the test problems is presented using tables and graphs. Further, the numerical results are found to be in a
good agreement with the exact solutions and the numerical solutions that are available in literature. We have showed the
convergence of the proposed method. Also, the obtained results reveal that the introduced method is promising for solving

other types of nonlinear partial differential equations (NLPDEs) in the fields of science and engineering.

1. Introduction

Nonlinear phenomena, which appear in many areas of scien-
tific fields such as solid-state physics, plasma physics, fluid
dynamics, mathematical biology, and chemical kinetics, can
be modeled by partial differential equations. A broad class
of analytical and numerical solution methods were used to
handle these problems. Recently, several research on the
physical phenomena of the diverse fields of engineering and
science was carried out, see for example [1-9] and the refer-
ences therein.

The nonlinear sine-Gordon equation (SGE), a type of
hyperbolic partial differential equation, is often used to
describe and simulate the physical phenomena in a variety
of fields of engineering and science, such as nonlinear waves,
propagation of fluxions, and dislocation of metals, for details
see [10] and the references therein. Because the sine-Gordon
equation has many kinds of soliton solutions, it has attracted
wide spread attention [11]. The sine-Gordon equation was
first discovered in the nineteenth century in the course of
study of various problems of differential geometry [12]. In

the early 1970s, it was first realized that the sine-Gordon
equation led to kink and antikink (so-called solitons) [13].
As one of the crucial equations in nonlinear science, the
sine-Gordon equation has been constantly investigated and
solved numerically and analytically in recent years [10, 14—
18]. Different scholars employed different methods to solve
the one-dimensional sine-Gordon equation, for example,
the Adomian decomposition method (ADM) [19-23], the
EXP function method [24], the homotopy perturbation
method (HPM) [25-27], the homotopy analysis method
(HAM) [28], the variable separated ODE method [29, 30],
and the variational iteration method (VIM) [31, 32]. Further,
Shukla et al. [33] obtained numerical solution of the two-
dimensional nonlinear sine-Gordon equation using a local-
ized method of approximate particular solutions. Baccouch
[34] developed and analyzed an energy-conserving local
discontinuous Galerkin method for the two-dimensional
SGE on Cartesian grids. Duan et al. [35] proposed a
numerical model based on the lattice Boltzmann method
to obtain the numerical solutions of the two-dimensional
generalized sine-Gordon equation, and the method was
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extended to solve the nonlinear hyperbolic telegraph equa-
tion as indicated in [36].

The main aim of this study is to obtain the approximate
analytical solutions for the two-dimensional nonlinear sine-
Gordon equation (TDNLSGE), since most of the research
focused on the numerical solutions for this problem. The
reduced differential transform method is used for this pur-
pose for several reasons. The first reason is that the method
has not previously been studied to solve this problem. Sec-
ondly, the present method is easy to apply for multidimen-
sional problems and the corresponding algebraic equation
is simple and easy to implement. Thirdly, this method can
reduce the size of the calculations and can provide an analytic
approximation, in many cases exact solutions, in rapidly con-
vergent power series form with elegantly computed terms
([37] and see the references therein). Moreover, the reduced
differential transform method (RDTM) has an alternative
approach of solving problems to overcome the demerit of
discretization, linearization, or perturbations of well-known
numerical and analytical methods such as Adomian decom-
position, differential transform, homotopy perturbation,
and variational iteration [37-39].

In this paper, we investigate the solution of the two-
dimensional nonlinear sine-Gordon equation [40]:

o*u ou *u  d*u .
32 tPa; _“<W + 3 = ¢(x,y) sinu+h(x,y,t), (x,y) €Q,t >0,

(1)

subject to the initial conditions:

u(x,9,0) =, (x, ), %,y €Q, (2)

d
5,402, 0) =9, (x.7), %,y €O, (3)

by using RDTM, where Q= {(x,y): a<x<b,c<y<d}.

The function ¢(x,y) can be interpreted as a Josephson
current density, and ¢, (x, y) and ¢, (x, y)are wave modes or
kinks and velocity, respectively. The parameter f3 is the so-
called dissipative term, which is assumed to be a real number
with >0. When B=0, Equation (1) reduces to the
undamped SGE equation in two space variables, while when
B>0, to the damped one, and « is a nonnegative real
number.

The paper is organized as follows. In Section 2, we begin
with some basic definitions and operations of the proposed
method, and we introduce some lemmas that will be used
later in this paper. The implementation of the method is pre-
sented in Section 3. The convergence analysis of the method
is presented in Section 4. In Section 5, we apply RDTM to
solve four test problems to show the applicability, efficiency,
and accuracy of the method. Section 6 presents graphical rep-
resentation and physical interpretations of the solutions
behavior of the considered examples. Conclusions are given
in Section 7.
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2. Preliminaries and Notations

In this section, we give the basic definitions and operations of
the two-dimensional reduced differential transform method
(37, 41-43].

Definition 1. If a function u(x, y, t) is analytic and differenti-

ated continuously with respect to space variables x, y and
time variable ¢ in the domain of interest, then

k
Uyx) = ’i[:f" (. )] , (@

where U, (x, ) is the t-dimensional spectrum function or the
transformed function.

Definition 2. The inverse reduced differential transform of a
sequence {U.(x,y)}, is given by

Uy ) (t = 1o)". (5)

Mg

u(x, y,t) =

=
I}
(=]

Then, combining Equations (4) and (5), we write

k

1|0
uxn)= Y lwuw, t)} (-t (6)

t=t,

Remark 3. The function u(x, y, t) is represented by a finite
series (5) around f, =0 and can be written as i,(x, y, t) =
YioUr(x, 9)t* + R, (x, y, t) where the tail function R, (x, y, t
) =Y. Uk, y)tk is negligibly small.

Furthermore, the inverse reduced differential transform
of the set of {U,(x, )}/, gives an approximate solution as

a5 951) Z Ug(xp)t (7)

where 7 is the order of the approximate solution. Therefore,
by Definition 2, the exact solution of the problem is given by

u(x, y,t) = lim 1, (x, y, t) Z Up(x, y)t". (8)

From Equation (8), it can be found that the concept of the
reduced differential transform method is derived from the
power series expansion.

The fundamental mathematical operations performed by
RDTM are listed in Table 1.

In addition to the properties of RDTM given in Table 1,
we introduce the lemmas which provide us with a simple
way to apply the RDTM to the two-dimensional nonlinear
sine-Gordon Equations (1)—-(3).
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TasLE 1: The fundamental mathematical operations of RDTM [37, 41, 44].

Original function

Transformed function

u(x, y,t)

wxpt) =au(x,y,t) + fv(x, y,t)

w(x, y, t) =x"y"t

Wi(xy) =

Ui(x,y) =1/k! [(a’vaﬁ) u(x, y, t)] -

aUg(x,y) £ BV (x, y), where « and f3 are constants
Lifk=p,
Wi (x,y) =x"y"8(k - p), where §(k - p) =
0,ifk#p

Wi(xy) =x"y"U gy (%))

w(x, y, 1) =x"y" u(x, y, 1)

Wiy, 1) = (3 V(% 1, 1) Wi) = Xy Uke ) Vier9) = X Vo ) U (5.9)

w(x, y,t) = (0"10t")u(x, y, t) Wi(x,y )—((k+r)!/k!)Uk+r(x, )—(k+1)(k+2) e (k1)U (%)
w(x, y, £) = (9"10x" )u(x, 3, ) Wi(xy) = (9"10x") Uy(x, y)

w(x, y,t) = (9"10y")u(x, y, t) Wi(x,y) = (9"/0y") Uy (%, y)

w(x, y, t) = sin (ax + By + wt) Wy (%, y) = (w/k!) sin ((km/2!) + ax + By), where &, 8, and w are constants
w(x, y, ) = cos (ax + By + wt) Wi (%, y) = (w"/k!) cos ((km/2!) + ax + By), where &, 8, and w are constants

Lemma 4. Assume that Fi(x,y), G.(x, y) and U,(x, y) are the
reduced differential transform of the functions f(x, y,t), g(x
, ¥, t) and u(x, y, t), respectively, then, we have the following
RDTM results:

(i) If f(x, y, t) = sin u(x, y, t), then

if k=0,

sin Uy,

F (x,y)=4 kI
) Z <1_%>Gk1(x’y)Ukk,(x:}’), ifk>1

k=0
©)
(ii) If g(x, y,t) = cos u(x, y, t), then
cos Uy, if k=0,
Gr(xy) = < .
- ( >Fk (%)) Upg, (5 y)s if k=1
k=0

(10)

Proof.

(i) Applying properties of RDTM on both sides of f(x,
y,t) =sin u(x, y, t),, we obtain

Fo(x,y) =sin Uy (x, y). (11)

Then, by Leibnitz rule for higher order derivatives of the
products and properties of RDTM on f (x, y, t) = sin u(x, y, t),

we obtain,

k k
Fylx.) = k,latkf<x,y, >] ,i,[a sin u(x, . >]

t=0

(12)
But (0%/0t%)f(x, y, t) = (910t 1)(cos u(x, y, t)(0/dt)u

k-1
(x 1)) = t;%( k ><a’“g<x,y,t>/atkl><akklu(x,y,tw
1
otk ki),

Therefore,

M |

ok ke~
{Wf(x,y, t)} y = ( N )kll(k =k )Gy (%, 9)Upi, (%, 9)s

=0
k-1
= ) (k=D)l(k= k)G (%) Up g, (%)
=0
(13)
Hence, by using Definition 1, for k=1, 2,3, ---, we get

k
F(y)= [aatkf(x,y, >]

1

=~
|

(k=1)!(k =k )Gy (%) Upy, (6 y)  (14)

=~

Il

(=}
[~

1

=~
—

- <1 - k—k1> Gy, (%)) Upy (%))

0

=~

1

(i) Applying properties of RDTM on both sides of g(x
, ¥, 1) =cos u(x, y, t), we get



Go((%,) = cos Uy (x, ). (15)

Using Leibnitz rule of higher order derivatives of the
products on g(x, y, t) = cos u(x, y, t), we get

1| ok 1| o
Gi(x,p) = o lwg(x,y, t)] =4 [a 7 cos u(x, y, )] ,
t=0 t=0

k akfl ) a
wg(x,y, t)= pEv= (sm u(x, y, t) Eu(x, ¥, t)>

- kz k=1 05 f(x, 3, 1) 0 Fru(x, y, 1)
S\ K, otk otk

(16)

Therefore,

L MT

ak
[ﬁg(%% f)] == ( )k Mk = ki)' (%) Uiy, (5 7)s
=0 k= k1

0
kl

(ke =k, )Fy (N Uiy, (% 9),

(17)

kl=0

and then using Definition 1, for k=1,2, 3, ---, we get

Gi(%.y) =% :—;g(x,y> t)} )
- :i:oi!w—1>!<k—k1>Fk1<x,y>Uk-kl<x,y>, (18)
=- klz_lo (1 - '2) Fy (5,9) Uiy, (%.9)-
Lemma 5. If (0*u(x, , t))/(3t*) = ¢(x, y), then
U, (x,y) = 90(;3)/). (19)

Proof. By Definition 1, U, (x, y) = 1/k![(3"u(x, y, £))/(3t%)] _y»
and so, when k is replaced by n, we have,

1 [0"u(x, y,t
Un(%y)= - {%} ) (20)

and from the initial condition we get (3"u(x, y,t))/(0t") =
=p(x, y).

Thus, U,(x,y)=1/n![(0"u(x,y,t))/(0t")],_
Y=o = @(x y)/nl.

Therefore, Uy (x, y) = ¢(x, y)/k!

Furthermore, by convention, if u(x, y,0) = ¢, (x, ), then
Uy (,7) = 9, (,9)/01 = @, (x,) and if 0/0t u(x,3,0) = g x,
7)> then U, (x, y) = @, (x, y)/11 = ¢, (x, ).

= 1/n![p(x,
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TaBLE 2: Eighth-order approximate solution by RDTM of Example
1 for different values of t and comparison with the exact solution.

X y t Ug Exact | ug — Exact |
0.1 0.9950 0.9950 1.1102x 107'°
0.2 0.9801 0.9801 2.8200 x 10714
0.3 0.9553 0.9553 1.6261 x 10712
0.4 0.9211 0.9211 2.8861 x 107!
0.5 0.8776 0.8776 2.6861 x 1071
! ! 0.6 0.8253 0.8253 1.6618 x 107
0.7 0.7648 0.7648 7.7554 x 107
0.8 0.6967 0.6967 2.9446 x 107
0.9 0.6216 0.6216 9.5499 x 107%
1 0.5403 0.5403 2.7350 x 1077

3. Implementation of the Method
To illustrate the basic concepts of the RDTM, we consider the
NLSGE (1) with initial conditions (2) and (3).

According to the RDTM given in Table 1 and Lemma 4,
we can construct the following iteration formula:

(k+2)(k+ 1)Uppa () + Bk + 1) Upy (%)

aZ aZ
=a (W V=) + 55 Uk(w)) = ¢(6y)Fi(xy) + H(x. y),
(21)
where F,;(x, y) is the reduced differential transform of the

nonlinear term sin u(x, y, t) and H,(x, y) is the reduced dif-

ferential transform of the inhomogeneous term h(x, y, t).
Thus,

Fy(x,y) =sin U,

Fi(xy) = Go(xy) U (%)),

Fy(%,7) = Gy(%, y) U, (%, y) = = Fo (%, y) U3 (%, 7),

F3(x,y) = Go(x, y) Us (%, y) = Fo(%, ) Uy (%, y) Uy (%, y)
1 3
- gGo(xJ’)Ul(x’)’)’

Fy(%,) = Gy (%, y) Uy (%, ) = Fo (%, y) Uy (%, y) Us (%, y)
Fo(x,3)U3(%,y) = 5 Go(%,y) U3 (%, ) Uy (%, y)

1
+ 57 Fo® ) Ui (%),

(%)

(22)

and so on.
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u(x, y, t)

u(x, y,t)

u(x, y,t)

1
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FiGURrk 1: Plots of the solution behavior of Example 1: (a) approximated solutions at time ¢ =0.1; (b) absolute errors at time ¢ =0.1; (c)
comparison of exact and approximated solutions at times ¢ =0.1, 0.5, 1; (d) comparison of absolute errors for different values of times ¢ =
0.5, 0.52, 0.54, 0.56, 0.58; (e) the periodic nature of the solution; and (f) the soliton at £ =0.1.



Using Lemma 5 on initial conditions (2) and (3), we get

Up(%,y) = ¢1(%:¥)s (23)

Ui (%)) = 9,(x ). (24)

Substituting (24) and (23) into (22) and by straightfor-
ward iterative calculations, we get the following successive
values of Uy(x, y), i.e., Uy(x, ), Us(x,y), Uy(x,y), ---. Then,
the inverse reduced differential transform of the set of values
{U(x,9) }io gives the n -term approximate solution:

2 (%65 1) Z Up(x, y)t". (25)
Therefore, the exact solution of problem (1) is given by

u(x, y,t) = lim u,(x, y, t) Z Ui(x, )t (26)

4. Convergence Analysis

In this section, we present the convergence analysis of the
approximate analytical solutions which are computed from
the application of RDTM [41].

Consider the SGE (1) in the following functional equa-
tion form:

u(x, y, t) = F(u(x p: 1)), (27)

where F is a general nonlinear operator involving both linear
and nonlinear terms.

According to RDTM, the two-dimensional NLSGE given
in Equation (1) has a solution of the form:

u(x, y, t) ZUk (%, y)t* = Zﬁk (28)

It is noted that the solutions by RDTM is equivalent to
determining the sequences

So=Us(x.7) =By
S1=Up(xy) +Ui(x,y)t =y + By,
S, =Uy(xy) + Uy(x )t + Uz(x’J’)tz =B+ B+ By

n n
Sy = Z Uy(xp)t* = Z B
k=0 k=0
(29)
by using the iterative scheme

nel = ‘G/T(Sn)’ (30)
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TaBLE 3: Eighth-order approximate solution by RDTM of Example
2 for different values of t and comparison with the exact solution.

X y t Ug Exact solution |ug — Exact |
0.1 3.6193 3.6193 1.1546 x 107
0.2 3.2749 3.2749 5.5334 x 1071
03 29633 2.9633 2.1063 x 10710
04 26813 2.6813 2.7781 x 107
05 24261 2.4261 2.0500 x 107%
! ! 0.6 21952 2.1952 1.0477 x 1077
0.7 19863 1.9863 4.1555 % 1077
0.8 1.7973 1.7973 1.3692 x 107
0.9 1.6263 1.6263 3.9154 x 107%
1 1.4715 1.4715 1.0013 x 107

associated with the functional equation
S=F(S). (31)

Hence, the solution obtained by RDTM, u(x,y,t)=
Yoo Us(x, y)th = Y22 B, is equivalent to

u(x, 3, 1) = Ug(%,y) + Uy (x5, )t + Uy (5, 9)82 + Us(x, )8 + Uy (x, )t +
= {Sn}io'

(32)

The sufficient condition for convergence of the series
solution {S, }72, is given in the following theorems.

Theorem 6. Let & be an operator from a from Hilbert space
F in to F. Then, the series solution {S,} ., converges when-
ever there is « such that 0< a < I, and B, || < «f| B, |-

See [41] for the proof.
Theorem 7. Let & be a nonlinear operator that satisfies the
Lipschitz condition from Hilbert space  in to I and u(x,y
,t) be the exact solution of the given SGE. If the series solution
{8, }72, converges, then it converges to u(x, y, t).

For proof see Ref. [41].

Definition 8. For k € N U {0}, we define

1B HUk+1(xa)/)tkH|| £ )
B ’ = ||UL(xp)tt|| £ 0,

B o> IR =i
> if (1Bl = Vet )it =0.
(33)

Then, we can say that the series approximate solution
{8, }72, converges to the exact solution u(x, y,t) when 0 <
ap<1lfork=0,1,2,--.
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FiGure 2: Plots of the solution behavior of Example 2: (a) approximated solutions at #=0.1; (b) absolute errors at time at £ =0.1; (c)
comparison of exact and approximated solutions for times t =0.1, 0.5, 1; (d) comparison of absolute errors for different values of times ¢
=0.5, 0.52, 0.54, 0.56, 0.58; (e) the periodic nature of the solution; and (f) the soliton at t =0.1.



TaBLE 4: Eighth-order approximate numerical solution by RDTM
of Example 3 for different values of t and comparison with the
exact solution.

X y t Ug Exact solution |ug — Exact |
0.1 0.8632 0.8632 1.1102x 107'¢
0.2 0.8085 0.8085 2.5535x 107!
03  0.7457 0.7457 1.4601 x 1072
04 06755 0.6755 2.5806 x 107!
0.5 0.5985 0.5985 2.3916 x 10710
! ! 0.6 05155 0.5155 1.4733x107%
0.7 0.4274 0.4274 6.8465 x 107
0.8 0.3350 0.3350 2.5884 x 107%
0.9 0.2392 0.2392 8.3583 x 107%
1 0.1411 0.1411 2.3833x 107
5. Numerical Results

In this section, we apply the reduced differential transform
method (RDTM) for finding the approximate analytic solu-
tions of four test examples associated with the nonlinear
sine-Gordon equations (NLSGEs) in a two-dimensional
space. To demonstrate the applicability of the method and
accuracy of the solutions, the results obtained by the pro-
posed method is compared with the exact solution existing
in the literature, and the numerical results and the absolute
errors are given using tables and figures.

Example 1. Consider the sine-Gordon equation [40]

*u 1 |*u  u i X -1 177
[ﬁ + a—yz:| —sin u + sin (cos (7x) cos (7ry) cos (t)), (x,y) € {7, i] ot

FEa Y
>0,
(34)
with initial conditions
u(x, y,0) = cos (mx) cos (my), (35)
0
—u(x,,0) =0. (36)

ot

Applying properties of RDTM to Equation (34), we con-
struct the following recursive formula:

1 2 2
k+2)(k+ 1)U V)= —= | == Up(x, — U, (x,
( + )( + ) k+2(x y) 272 | ox2 k(x )’) + ayz k(x y)

— Fi(%,y) + Hi(x, ),
(37)

where F,(x,y) and H,(x,y) are the reduced differential
transform of the nonlinear term sin (u(x, y, t)) and the inho-
mogeneous term sin (cos (7x) cos (7y) cos (t)), respectively.

Advances in Mathematical Physics

Using RDTM to the initial conditions (35) and (36), we get
Uy(x, y) = cos (x) cos (my), (38)
U,(xy)=0. (39)

Now taking the values of k(k=0,1,2,---), and applying

Lemma 4 and using Equations (38) and (39) into Equation
(37), we obtain the following successive iterated values:

1
U,= =50 [cos (mx) cos (my)]s
U, =0,
1
U,= i [cos (7mx) cos (1y)], (40)
Us;=0,

Uy = é[cos (7x) cos (mmy)],

and so on.

Then, by (8), we get

© 2 H s
u(x, y,t) = Z Uy (x, y)t* = cos (7x) cos (my) (1 “itao 5+)

’ (41)

Hence, the exact solution of Example 1 is u(x, y, t) = cos
(1) cos (mmy) cos (t) as in Kang et al. [40].

For the convergence of the approximate analytic solution
given in Equation (41), we calculate o using

Beall
,if B #0,
=) 1B IR (12)

0, if [|Bell =0

Hence, for x, y € [-1/2,1/2] and ¢ > 0, we obtain oy = 0 < 1
,,=0<1l,a,=0<1,0;=0<1,4,=0<1,---,and by induc-
tion oy < 1 for all k € N U {0}. Therefore, using Definition 8,
the solution of Equation (34) converges to the exact solution.

Numerical results corresponding to the two-dimensional
nonlinear sine-Gordon equation given in Example 1 are
depicted in Table 2 and Figure 1.

Example 2. Consider the two dimensional sine-Gordon equa-
tion [36, 45]

*u du u u

FE T

—m*e”![cos (mx) + cos (my) — 2 cos (mx) cos (my)], (x, y)
=[0,2)%t>0,

—2sinu+2sin [e7(1 - cos (7x))(1 - cos (7y))],

(43)
with initial conditions

u(x,y,0) = (1 = cos (1mx))(1 - cos (1y)), (44)
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exact and approximated solutions for £ = 0.1, 0.5, 1; (d) comparison of absolute errors for different values of times ¢ = 0.5, 0.52, 0.54, 0.56,
0.58; (e) the periodic nature of the solution, and (f) the soliton at t =0.1.



10

%u(x,y, 0) =—(1-cos (rx))(1 — cos (1y)). (45)

By taking the reduced differential transform of Equation
(43), we obtain

(k+2)(k+ 1)Upy(xy) + (k+ 1)Uy (%, 9)
aZ 2
= e Ui(x,y) + a_yz Ui(x,y) = 2F (%, y) + Hi(x, ),

(46)

where F,(x,y) and H,(x,y) are the reduced differential
transform of the nonlinear term sin (u(x, y, t)) and the inho-
mogeneous term

2 sin [e’t((l - cos (1x))(1 = cos (my)))]
_ ne‘t[cos (7x) + cos (my) — 2 cos (mx) cos (my)],

(47)

respectively.
Using RDTM to the initial conditions (44) and (45), we get

Ug(x,y) = (1 =cos (rx))(1 = cos (my)), (48)

U,(x,y)=—(1-cos (mx))(1 - cos (1y)). (49)

Substituting Equations (48) and (49) into Equation (46),
and applying Lemma 4, Definition 1, and properties of
RDTM, we obtain the following successive iterated values for
k(k=0,1,2,):

U, = %[(1 —cos (nx))(1 = cos (1y))],

U, == 511(1 = cos (7)) (1 - cos (1)
! (50)

U, = 5101 = cos (m)) (1 cos (m),
Uy == 471(1 - cos (7x))(1 - cos (xy)

and so on.
Then by (8), we obtain the approximate analytic solution
of Example 2 as follows:

u(x, y,t) = kz Uk(x,y)tk = (1~ cos (rx))(1 - cos (1y))

1 1 1 1
-t = Pt P
2! 3! 4! 5!

(51)

The exact solution of the problem is u(x, y, ) =¢e™(1 -
cos (71x))(1 — cos (1y)), as indicated in [36, 45].

To test the convergence of the approximate solution, we
calculate . Let us take x=y=1 and ¢=0.5 in the domain
of interest, then using definition 8, we obtain, &, =0.5< 1, a4
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TaBLE 5: Seventh-order approximate solution by RDTM of Example
4 for different values of t and comparison with the exact solution.

X y t u, Exact solution |u, — Exact |
0.1 5.6893 5.6893 2.3634 x 10712
0.2 5.6279 5.6279 6.1136 x 10710
03  5.5604 5.5604 1.5797 x 107%8
04 54863 5.4863 1.5875x 1077
0.5  5.4050 5.4050 9.4946 x 107"
! ! 0.6 53161 53161 4.0838 x 107%
0.7 52189 5.2189 1.3970 x 107
0.8  5.1129 5.1130 4.0343 x 107
0.9 49977 4.9978 1.0218 x 107
1 4.8729 4.8731 2.3289x 107%™

=0.25 < 1L,a, = 0.1666666667 < 1, a3 =0.125< 1,0, =0.1< 1
, ..., and by induction a; <1 for all k€ N U {0}. Therefore,
the solution of Equation (43) converges to the exact solution.

Numerical results corresponding to the two-dimensional
nonlinear sine-Gordon equation given in Example 2 are
depicted in Table 3 and Figure 2.

Example 3. Consider the two-dimensional inhomogeneous
sine-Gordon equation [34],

o*u a *u  d*u

W—ﬁ+a—yz—sinu+sin(sin(x+y+t)) (52)
+sin (x+y +1)(x,y) € [0,271]%, £ 20,
with initial conditions
u(x,y,0) =sin (x+y), (53)
w = cos (x+). (54)

Applying the RDTM to Equation (52), we obtain the fol-
lowing recurrence relation

> S
k+2)(k+1)Ugy(%9) = 2 Ug(,9) + = Ug(x,
(k+2)(k+ 1Uia ()= 55 Us(®2) + 55 Ux)

- Fi(%,y) + Hi(x.y),
(55)

where F,(x,y) is the reduced differential transform of
nonlinear term sin u(x,y,t) and Hy(x,y) is the reduced
differential transform of inhomogeneous term [sin (sin (x
+y+t))+sin (x+y+1t)].

Using RDTM to the initial conditions (53) and (54), we
have

Uy ) =sin (x +), 56
U,(x,y) =cos (x + ).
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Now taking the values of k(k=0,1,2,--) and applying
Lemma 4, Definition 1, and properties of RDTM in Equation
(55), we obtain the following successive iterative values:

1

2!

U, = sin (x +y),

1
U3:—a cos (x+y),

L.
— sin

Us= 1

(x+7),
1
U, = 77 <8 (x+y),

Ug=—— sin

6! (x+y),

1
U7=_ﬁ cos (x +Y),

and so on.
Then, using Equation (8), we get

X b 2ottt
u(x, y,t) = Z U (x, y)t" =sin (x+y)<1 T + - a+>
part ! ! !
A S
+ cos (x+y)<t—§+a—ﬁ+w>.

(58)

Equation (58) represents the approximate analytic solu-
tion of Example 3, whose exact solution is u(x, y, t) = sin (x
+y+1), as in [34].

For the convergence of the approximate solution given in
(58), we calculate «; by taking any values of x, y, and ¢ in the
domain of interest. Let us takex =y =m/8 and t =0.25, we
obtain a; =0.25< 1, a; =0.125< 1, o, =0.083334 < 1, a5 =
0.0625<1, ay, =0.05< 1, -++, and by induction «; <1 for all
k € N U {0}. Therefore, by Definition 8, the solution of Equa-
tion (52) converges to the exact solution.

|

&ty — e3x+3y

U,=2 (1+ 62x+2y)2
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Numerical results corresponding to the two-dimensional
nonlinear sine-Gordon equation given in Example 3 are
depicted in Table 4 and Figure 3.

Example 4. Consider the following two dimensional sine-
Gordon equation [33]

?u  u Fu . 2
W=W+a—y2—smu,(x,y)e[—7,7],tZO, (59)
subject to the initial conditions
u(x,y,0) =4 tan"! (e), (60)
4eX
_ = 61
ot u(x,y, 0) 1+ 22y’ ( )

Applying RDTM technique to Equation (59), we obtain
the following iterative formula:

e o
(k+2)(k+ DUka() = 55 Uy) + 555 Ur(0y) = Filx),

(62)
where F,(x, y) is the reduced differential transform of non-

linear term sin u(x, y, t).
Using RDTM to initial condition (60) and (61), we get

Uy(x,y) =4 tan”! (e7), (63)
4y
Ui(x,y) = Ty (64)

Applying Lemma 4 and using Equations (63) and (64) in
Equation (62), we get the following successive values of U (
x,y) fork(k=0,1,2,--+).

(65)

|

_ 1682e7x+7y + 23769x+9y _ ellx+11y

2 |t — 6e3x+3y + 65x+5y
Uy=-= ,
3 3 (1 + 62x+2y)3
1| — 23e3x+3y + 23eSx+5y _ e7x+7y
U4 == 1 >
6 (1 + 62x+2y)
1 |t = 76e3x+3y + 23065x+5y _ 76€7x+7y + e9x+9y
U = —
5 30 (1 + 62x+2y)5
1 | e =237 +1682e™Y
U= — :
180 (1 + 62x+2y)

I
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FIGURE 4: Plots of the solution behavior of Example 4: (a) approximate solution at t = 0.1; (b) absolute error ¢ = 0.1; (c) comparison of exact
and approximate solutions for times ¢ = 0.1, 0.5, 1; (d) comparison of absolute errors for different values of times t = 0.5, 0.52, 0.54, 0.56, 0.58;

and (e) the soliton at t =0.1.
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and so on.

Then, the inverse reduced differential transform of U, (
x,y) gives the n-term approximate analytic solution in the
form i, (3,7, £) = Yo Uy (5, )5

Hence, the exact solution is u(x, y, t) = rllggo i, (x,y,t) =

4 tan"! (e”7") as in Shukla et al. [33] and Baccouch [34].

To check the convergence of the approximate analytic
solutions, we calculate «; for values x=y=t=1, and we
obtain «, =0.00161498087 < 1, «; =0.48201379002< 1, «,
=0.29691347980 <1, a;=0.16168993395<1 ... and by
induction a;, < 1 for all k € N U {0}. Therefore, by Definition
8, the solution of Example 4 converges to the exact solution.

Numerical results corresponding to the two-dimensional
nonlinear sine-Gordon equation given in Example 4 are
depicted in Table 5 and Figure 4.

Tables 2-5 illustrate the approximate analytical solutions
of Examples 1-4 obtained by RDTM and the corresponding
absolute errors for different values of time f. It can be
observed from Tables 2-5 that for smaller values of ¢ the cor-
responding absolute errors are small compared to others.
This is to mean that better approximation can be achieved
for small values of time t whatever the values of x and y are
within the domain of interest.

6. Graphical Representation and
Physical Interpretations

A graph is a crucial tool to depict the physical structures of
the phenomena in the sense of real-world applications. In
this section, we have discussed about the obtained solution
of the simplified two dimensional sine-Gordon equation
using the RDTM method, and we get the travelling wave
solutions assembled from Examples 1-4 to the simplified
equation. The solutions of examples (1)-(3) and Example 4
are general solitary wave solutions which are periodic wave
solution and singular kink shape soliton, respectively. From
the above solutions, it has been noted that the solutions
(41), (51), and (58) provides periodic wave solution where
the solution (65) gives singular kink shape wave solution.
Periodic traveling waves play an important role in numerous
physical phenomena, including reaction-diffusion-advection
systems, self-reinforcing systems, and impulsive systems.
Mathematical modeling of many intricate physical events,
for instance, physics, mathematical physics, engineering,
and many more phenomena resemble periodic traveling
wave solutions [46].

Furthermore, Figures 1-4 depict surface plots that show
the physical behavior of the RDTM solutions u(x, y, t) and
absolute errors of Examples 1-4 for different values of time
t in the domain of interest. Specially, in Figures 1(c), 2(c),
3(c), and 4(c), comparisons of exact and approximated ana-
Iytical solutions are compared for different values of times ¢
=0.1, 0.5, 1. As it can be seen from the figures that all the
graphs of the approximated analytical solutions for the
assigned values of time t resembles to their corresponding
graphs of the exact solutions. The comparison of absolute
error graphs shown in Figures 1(d), 2(d), 3(d), and 4(d) for
different values of times t =0.50, 0.52, 0.54, 0.56, 0.58 and
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also the results assert that better approximation for u(x, y, t
) can be obtained when time ¢ is small for any values of x
and y in the domain of interest.

7. Conclusions

The reduced differential transform method (RDTM) is suc-
cessfully implemented to find approximate analytical solu-
tions or exact solutions of the two-dimensional nonlinear
sine-Gordon equations subject to the appropriate initial con-
ditions. The convergence analysis of the proposed method is
also studied, and the results we obtained in Examples 1, 2, 3,
and 4 are in excellent agreement with the exact solutions
obtained by different methods available in the literature, see
Refs. [33, 34, 36, 40, 45]. Furthermore, RDTM is much easier,
more convenient, and efficient and this work illustrates the
validity and great potential of the reduced differential trans-
form method for solving nonlinear partial differential equa-
tions. As a result, the basic ideas of this approach are
expected to be further employed to solve other nonlinear
problems arising in sciences and engineering.
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