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Abstract

The goal of this paper is to introduce and investigate a new subclass Fx(o,9,k,r) of bi-univalent functions
using the Horadam polynomials and Sélagean differential operator. Furthermore, coefficient estimates are
given for |a,|, |az| and Fekete-Szegd inequalities for this subclass are obtained.
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1 Introduction

Let A be the family of normalized functions of the form

f(z) =2 + Z a7 (zeU). (1.1)
=2
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Which are holomorphic in U = {z € C: |z| < 1} .Let S be the subclass of all univalent functions from A in U.
It is clear (see [1]) that every function f € S has an inverse f~! satisfying

1

2= (), € Wand w= f(Fw), (1wl < ro(®,ro(® 2 7)"
Where

"fl(w) = g(w) = w— a,w? + (2a3 — az)w? — (5a3 — 5a,a; +a,)w*" (1.2)
If fand f~! are univalent in U, then function f € A is called to be bi-univalent in U and denote this class
by X defined in U.
"In 2010, Srivastava et al. [2] revived the study of bi-univalent functions by their pioneering work on the study
of coefficient problems. Several authors have introduced and investigated subclasses of bi-univalent functions
and obtained bounds for the initial coefficients (see [3-8]). However, for the coefficient estimate problem for
each of the following Taylor-Maclaurin coefficients is still an open problem".
If f(z) and g(z) be holomorphic in U, then f(z) is said to be subordinate to g(z) if 3 ®(z) which a Schwarz
function, with ®(0) = 0 and|®(z)| <1 and denote by f(z) < g(z),z € U, Such that f(z) = g(CID(Z)) (z €
U) Moreover, f(z) < g(z) is equivalent to f(0) = g(0)and f(U) < g(U)
If gisunivalentinU .
From ( [9], [10]) "The Horadam polynomials h, (r) are" defined as

"h,(r) = prhy_1(r) + qh,_, (), reR,neN—-{1,2},N={1,23,..})" .3)
With h;(r) = e, h,(r) = br, where e,b,p,q € R .It is clear that h;(r) = pbr? + eq.

The generating polynomials of h,(r) is

VD) = Z (=t = S0 (14)
In1983 [11] Saligean defined differential operator DX: A — A as
"Df(z) = f(z)
D(z) = Df(z) = zf’ (z)
DXf(z) = D (Dk—lf(z)) = 20fz)) keN={12..}"
DX(z) = 7+ Z nka,z", k € Ny = N U {0} (1.5)
n=2
"And further for functions g of the form (1.2) Vijay et al. [12]"
Dkg(w) = w — 2Kc, w? + 3K(2c% — c3) wi— ... (1.6)

More details associated with these polynomials see ([13-20])

2 Main Results

Definition 2.1: For (0<9<1,0€C/{0},re R, ke NU{0}) a function f€ X of form (1.1) then fe
FZ 0,9,k r if the following subordination conditions are hold
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n

1 823(Dkf(z)) + (29 + 1)22(Dkf(z))” + z(D¥f(z) )

- - —1{<Yrz)+1—e
922 (DXf(z) ) + z(DKf(z) )

1 [9w3 (DXg(w) )" + (29 + Dw?(Dkg(w) )’ + w(Dkg(w) )

-1 <yYrz)+1—e

ow2(Drg(w)) +w(Dkg(w))
Where e € Rand g = f~! is presented by (1.2)

Theorem 2.2: For (0 <9< 1,0 € C/{0},re R, ke NU{0}) afunction f € F5(o,9,k,r) then

[o| [br| y/[br]
lay] <

VIIQER) (29 + 1) — 22K+2(9 + 1)2)b — 22k+2(9 + 1)2p]br2 — 22k+2(9 + 1)2eq]| @1)
o] [br |o|?[br|?
sl < ey T Ry 1) 2.2)
Proof: Let f € Fy(o,9,k,r)"Then there are two holomorphic functions s, t: U — U presented by"
s(z) = s,z + 5,22 + 5323 + -+ (zeU) (2.3)
t(z) = tyw+ t,w? + tzw3 + -+ (weU) 2.4)

With

s(0) = t(0) = 0, max"{|s(@)|,|t@)|} <1 ;z,w € U", such that

o) + 20+ i) i)
L@+ @0+ DADUD $ oD | sy e
1922(1)1<f(z)) +z(Dkf(Z))
- , K )m 5 K )I! X )'
% ow3 (DXg(w) +(219+1)v”v (D¥g(w) +'W(D BW " | = y(rt@) e
SWZ(D“g(W)) +W(Dkg(w))
Or equivalently
1 1923(Dkf(z))m +(29+ 1)z2(Dkf(Z))” +Z(Dkf(z))' _
o

922 (DKf(z) )’ + z(DXf(z) )
hy (1) +hy(0)s(2) + hy (1) (s(2))? + -
e (2.5)

1 8W3(Dkg(w))m + (29 + w2 (Dkg(w) - w(D*g(w) ) .

dw?(Dkg(w) ) + w(Dkg(w) )
=h; (1) +h,(Dt(2) +h () (€(2)* + -
. 26)

Combining (2.3)(2.4)(2.5)and (2.6)

[y

Q
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1 az3(z>kf(z))m + (29 + 1)22(Dkf(z))” + Z(Dkf(z))' B

o

922 (DXf(z) )’ + z(DKf(z) )
h,(r) s,z + [hy(r) s, + h3(r) s,%]2?

" 2.7
)’” )” )I
1[ow3(Dkg(w)’/ + (29 + Dw2(Dkg(w)’ + w(DXg(w)
o y y o
dw?(Dkg(w)’ + w(Dkg(w)
= h, (0t z + [h,(r) t, + h3(r) t;*]w?
L (2.8)
If max{|s(z)|, [t(2)|} <1 ;"z,w € U then
[sil < 1and|t] < 1(VieN)" 2.9
From (2.7)and (2.8) it follows that
k+1
e LGH (2.10)
k+1 9 _»2k+2 9 2,2
27 +1)a362 SLE R h,(r) s, + h3(r)s? (2.11)
k+1
_ Az g, (2.12)
2[522Kk+1 9 _o2k+2 9 2] k+1 9
LD @O T OAVREED G — (1) t, + hy (1) (2.13)
From (2.10)and(2.12) we get
5 = —t, (2.14)
2k+2 2,2
22— = 12 (57 + ) (2.15)
If we add (2.11)and (2.13) we get
2[522Kk+1 (29+1)— 2k+3(3 )2
UEC @O O o hy() (s, + t) + hy()(sF + 1) (2.16)
Substituting the value of (s7 + t7) from (2.15) in to (2.16) we deduce that
2 0%h3 (r)(s2+t2) (2.17)

32 = 120 226D (2 04 122543 (94 )2 +hy (D[2253 (94 1)2]

"By further computations using (1.3), (2.9) and(2.17) we obtain"

|az|
< |o| [br| /|br| (2.18)
~ JIIRESDH (29 + 1) — 222(9 + 1)2)b — 22K42(9 + 1)2p]brz — 22K+2(9 + 1)2eq] '

Next, by subtracting (2.13) from (2.11) we obtain
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(o}

= hy(r)(sp—t;) + hy () (sf—t]) (2.19)

In view of (2.14), (2.15) into (2.19)

oh,(r) (s;—t3)

o’h3(r) (s +t9)

BEREENQO+1) | 2293 (9 + 1)2

Thus by applying (1.4) we get

|o]| |br|

lo|?|br|?

<
|as| = 2(3K*t1)(29+1)

(2.20)

22k+2(8+1)2

Remark 2.3: If taking k = 0 in above Theorem then f € F5(o,9,0,r) and

o [br| /|br]

laz| <

~ V629 + 1) —4(® + 1)2)b — 4(9 + 1)2p]br2 — 4(9 + 1)2eq]
[o| |br|

lo|?|br|?

<
sl < 355+

49 + 1)2

Remark 2.4: If taking 9 = 1 in above Theorem then f € F5(o,1,k,r) and

|ol |br| y/[br|

laz| <
\/|[(2(3k+2) — 22k+4)p — 22k+4 plphr2 — 22K+ gq|
lo] |br] |6|?|br|?

las| <
2(3k+2) 22k+4

Remark 2.5: If taking 9 = 0 in above Theorem then f € F5 (o, 0,k, r) and

|| [br| /|br]

la

o] |br]

| <
2 \/l[(2(3k+1) _ §2k+22)b — 22k+2 p]brz — 22k+2 eql
|o|*[br]

las| = 2(3k+1)

22k+2

"Now we present the Fekete-Szegd inequality for f € F5(o,9,k, )"

Theorem 2.6: For (0 <9<1,0€ C/{0},re R, ke NU{0}) afunction f€ Fy(0,9,k,r) then

lag —na3| <

-1l <

lof [br|
34120 + 1)
[[(23 1) (20 + 1) — 22*2(9 + 1)2)b — 222 (9 + 1)2p]br? — 22*2(9 + 1)eq|

3k+1(29 + 1)|o| b2r2
[br|*|o]?[n — 1]

[[(2(B%+1)(20 + 1) — 225+2(9 + 1)2)b — 22K+2(9 + 1)2p]brz — 22K+2(9 + 1)Zeq]

n—1| =

[[(2(3%1)(20 + 1) — 22K+2(9 + 1)2)b — 22K+2(9 + 1)?p]br? — 2242(9 + 1)2eq|
3k+1(29 + 1)|o| b2r?

Proof: Using (2.17)and (2.19) for some 1 € R ,we get

2 _
az —Mnaz =

oh, (1) (sy—t3) (1 =1)a?hi()(s; + tp)

2@ 29+1) | h2® [22(3D) 29+ 1) — 22573 (9 + D2] + hy (D223 (9 + 1)?]

=222 (000 + gy ) 2 + (000D + g ]
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Where

3 (1 —mo”h3(N)(s; +t5)
T h2(0) [2(3%1) (29 + 1) — 22K+2 (9 + 1)2] + hy(r)[22K+2 (9 + 1)?]

¢, 1)

According to (1.3) we have

ollorl e o

2@ 2o+ o PPl oEh e+ 1)
o]

2(3 (29 + 1)

| a3 —na§I <
[br[[@m, 0| if @M, )| =

After simple computation we get

|az —na3|
lolIbr] .
329+ 1) |
n—1| < [[(23%+1) (20 + 1) — 22K*+2(9 + 1)2)b — 22K+2(9 + 1)?p|br? — 22K*+2(9 + 1)2eq|
- == 354129 + 1) |0 b2r2 .

|br|?|o|*In — 1 if
[[2G1)(29 + 1) — 2252(9 + 1)2)b — 22K72(9 + 1)2p]br? — 225+2(9 + 1)2eq]
[[(23%1)(29 + 1) — 22K+2(9 + 1)2)b — 22K+2(9 + 1)2p|br? — 22K+2(9 + 1)2eq|
3k+1(29 + 1)|o| b2r2

n—1] =

Remark 2.7: If taking k = 0 in above Theorem then f € F5 (0,9, 0,r) and

|o| |br|
329+ 1)
1[(6)(28 + 1) — 4(9 + 1)2)b — 4(8 + 1)2p]br? — 4(9 + 1)%eq]
In=1l= 3(29 + 1)|o]| b2r?
[br*|o|?*n — 1]
I[(6(29 + 1) — 40 + Db — 4(9 + 1)2p]br? — 4(9 + 12eq]
620 +1) — 400 + 1)2)b — 4(9 + 1)2p]br? — 4(9 + 1)2eq|
- 3(29 + 1)|o]| b?r?

if

lag —na3| <
if

‘=1

Remark 2.8: If taking m = 1 in above Theorem then f € F5 (0,9, k, r) and
o] [brl

R T I))

2 Conclusion

The main results of this paper refer to introducing a new subclass of bi-univalent functions in Definition 2.1.
using properties of Horadam polynomials and Saldgean differential operator. Estimates on the first two Taylor—
Maclaurin coefficients for the functions in this subclass are given in Theorem 2.2. and the corollaries that follow
it. Fekete-Szeg0 inequalities are given in Theorem 2.6. for this newly introduced subclass of functions.
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