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Abstract

Let (H, R) be a co-Frobenius quasitriangular Hopf algebra with antipode S. Denote the set of group-like ele-
ments in H by G (H). In this paper, we find a necessary and sufficient condition for (H, R) to have a ribbon
element. The condition gives a connection with the order of G (H) and the order of S°.
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1. Introduction

A Hopf algebra H is called co-Frobenius if H is either
left or right co-Frobenius as a coalgebra, i.e., if there
exists a left or right # monomorphism from H to H. It
turns out that H is co-Frobenius if and only if A has
nonzero integrals [1,2]; in particular every finite dimen-
sional Hopf algebra is co-Frobenius. Among the proper-
ties of finite dimensional Hopf algebras that hold for all
co-Frobenius Hopf algebras are the bijectivity of the an-
tipode, a bijective correspondence between the group-like
elements of the Hopf algebra and the one dimensional
ideals of the dual algebra, the existence of a distinguish-
ed group-like element, and a reasonable theory of Galois
extensions.

The class of infinite dimensional co-Frobenius Hopf
algebras includes cosemisimple Hopf algebras, such as
the group algebra of an infinite group. Tensoring such a
Hopf algebra H with a finite dimensional Hopf algebra X,
yields an infinite dimensional Hopf algebra with non-zero
integral obtained by tensoring the integrals of H and K.
As well, a recent example of Van Daele [3] gives an in-
finite dimensional co-Frobenius Hopf algebra without
normal Hopf subalgebra.

The topological motivation for this paper is supported
by the fact that ribbon Hopf algebras (Hopf algebra with
a distinguished ribbon element) can be used to construct
invariants of framed links embedded in three dimen-
sional space [4]. And the same structure can be used to
produce invariant of three dimensional manifolds. These
three dimensional manifolds are represented by surgery
on framed links, and their invariants are special cases of
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invariants for the links. In the case of quantum group
SLq(2), these invariants have been intensively investi-
gated by Reshetukhin and Turaev [5], Kirby [6], and
others.

In this paper, we give a necessary and sufficient con-
dition for the co-Frobenius quasitriangular Hopf algebra
to have a ribbon element. Based on the ideals and results
of Beattie, Bulacu and others [7-9], we generalize the
results of Kauffman and Radford [10] to co-Frobenius
quasitriangular Hopf algebras. We find the group-like
elements « and g which play a special role in the the-
ory of ribbon Hopf algebras. Our main result is Theorem
5, which states that a co-Frobenius quasitriangular Hopf
algebra (H,R) (G(H) has odd order) has a ribbon
element if and only if, S* has odd order.

Throughout this paper, H will denote a co-Frobenius
Hopf algebra over a field k. All maps are assumed to be
k-linear. We use the Sweedler-type notation for the com-
ultiplication maps A (h)= h ®h,forallh € H. Asusual,
the H'-bimodule structure on H and the H-bimodule
structure on H' are given by

"> h<m"=m"(h)I" ()
(h—>m" «1)(m)=m"(imh)

forall hl,meHand I",m" € H". The antipode of H is
denoted by S with composition inverse S~'. The set of
group-like elements in H is denoted by G(H) and the
group-likes of H’, namely the set of algebra maps from
Htok, by G(H).

Let H be a co-Frobenius Hopf algebra over a field .
Recall that a Hopf algebra H is co-Frobenius if H™,
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the unique maximal rational submodule of H", is non-
zero, or, equivalently, if theH§pace og left or right inte-
grals for H, denoted by L and . respectively, is
nonzero. It was shown in [9] that H contains a distin-
guished group-like element g, which is also called the
modular element of H, such that for all /Iej and
heH :

A(h)h=A(h)g" and 1-S’=g"' > A«g

For T either a nonzero left or right integral for H in
H'™ | there are bijective maps from H to H™™™ given

by
h—>(h->T) and h > [T <« h).

Let y denote the generalized Frobenlus automor-
phism of H defined in [7], that is, for 4 ej , ¥ 1s the
algebra automorphism of H defined by

h—> A=A« y(h),forall heH.

Then the algebra map a=&-ye H" is called the

modular element for Hin H", and
;((h) = oz(hz)S’2 (hl) ,forall heH .

Recall that, for a Hopf algebra H and
R=R'QR*=r'®r* e HQ®H , then (H, R) is called
quasitriangular if forall he H ,

(QTHA(R')® R =R' ®r' ® R*r?;
(OT2)R' ®A(R2) R ®r* @R
(QT3)(A (h))R = R(A(h)), for all he H;
(0T4)s(R*)R' =1,(R")R* =1.
Set
=S(R*)R',c=uS().

By the result of Drinfeld [11] or Radford [12], S* is
an inner automorphism induced by « and

Su)',ie
S*(a)=uau™" ,and S*(a)=Su) "' aS(u),
forall ae H.

¢ is called the Casimir element of (H, R), and
S*(a)=uau™" implies that c is in the center of H.

If (H, R) is quasitriangular, Beattie and Bulauc [13]
introduced two group homomorphisms from G(H'") to

G (H) given by
n—>a, = U(RI)RZ,U —b, ::Iy(S" (R2 ))R'

:n—l(Rz)Rl
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They showed that a,,b, € G(H) and a,b, €
G(H)NZ(H) . Now set

g a:ba—l = (ba)il’h :ba—lg7l

By [13], we haveuS(u) ™" = S(u) 'u = gg,, .
By [12] and [13], we have (g, « denote the modular
elements),

c=u’h.

Since c is central, S*(a)=uau',c=u’h, implies that
s? (a) =uS? (a)Lfl = uza(tf1 )2
=u’ac™ (1[1 )2 =h"'ah

We say that v e H is a quasi-ribbon element of (H, R)
if the following conditions are satisfied:

(R1)V* =¢;

(R2)S(v)=uv;

(R.3)g(u) =1
(R4)A(0)=(RyR,) " (v®V),

Drinfeld observed that u satisfies the last condition. A
quasi-ribbon element in the center of H is called a ribbon
element, and in this case (H, R, v) is called a ribbon Hopf
algebra [14]. The reader is referred to [14] for a detailed
discussion of ribbon Hopf algebras and their relationship
to links and three-manifolds.

2. Ribbon Hopf Algebra

Let (H, R) be a finite dimensional quasitriangular Hopf
algebra. In [10], the authors found a necessary and suffi-
cient condition for the existence of ribbon elements on
(H, R). The purpose of this section is to generalize their
result to co-Frobenius quasitriangular Hopf algebras. We
find that most of the results in [10] also hold for co-
Frobenius quasitriangular Hopf algebras.

Lemma 1. Suppose that (H, R) is a co-Frobenius qua-
sitriangular Hopf algebra over a field k, H contains a
distinguished group-like element g and that ve H is a
quasi-ribbon element of H. Let

8. =byi=(b,) sh=b, g u=S(R*)R'
and set 1=u"'v. Then:
1) > =
2) le G(H).

Proof. 1) By (R.2) (S(v) = v), we have S*(v)=v.
Thus « and v commute by S*(a) =uau™ forall aec H .
By (R1) v’ =c and c=u’h we have 0’ =u’h .
Thus > =

2)
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A(l) = A(u’lu) = A(Lf1 )A(U)
= A(u)_1 A(U)
- (( RyR,) u ®u)7] (RyR,)  (v®0)
=u'v®u'v=1QI

Theorem 2. Suppose that (H, R) is a co-Frobenius
quasitriangular Hopf algebra over a field k, and let u
and v be as above. Then:

1) [ — ul defines a one-one correspondence between
{le G(H)|l2 = h} <> {quasi-ribbon elements of (H, R)};

2) Suppose that 1€ G(H)and 1> =h, Then v = ul is
a ribbon element of (H,R) if and only if S*(a)=1"al
forall aeH .

Proof. 1) Recall that u commutes with the group-like
elements of H. Thus v = ul = Iu. Using (u*h = c) we see
that v* =u’l* =u’h=c, so (R.1) holds for v. Now,

S(v)=5(ul)=5(1)S (u)=1"5(u).

by I*=h wehave I"' =Ih""and hu = S(u), which fol-
lows from u*h = c =uS(u), Therefore

S()=0"S(w)=1"hu=Ih"hu=lu=ul=v.

Thus, (R.2) holds for v. Note that (R.3) is immediate
since &(u)=1=¢&(l). Also

A(v)=A(ul) = A(u)A(I) = (RyR, ) (u®u)(I®1)
= (RZIRIZ)f1 v®v

and (R.4) holds for v. The proof of (1) is finished by
Lemma 1.

2) If v=ul, S*(a)=uau™ =@l Ma@I™) " =1"al.
On the other hand, S*(a)=1/"al =uau™ implies va =
avforall ae H .

Corollary 3. Suppose that (H, R) is a co-Frobenius
quasitriangular Hopf algebra. Let g and a be the dis-
tinguished group-like elements of H and H', respec-
tively, and let h be as above. Then:

1) If h has odd order, or if g and a have odd order,
Then (H, R) has a quasi-ribbon element;

2) If G (H) has odd order, Then (H, R) has a unique
quasi-ribbon element.

Proof. 1) By b, , commuting with all aeG(H),
and n—b, is a group homomorphism from G(H %)
to G (H). We have that 4 has a square root in G(H),
which must be unique if G (H) has odd order. Therefore
the corollary follows by part 1 of the above Theorem.

Proposition 4. Suppose that (H, R) is a co-Frobenius
quasitriangular Hopf algebra. Let g and a be the distin-
guished group-like elements of H and H" , respectively,
and let h be as above. Then if either

) Ifhand S*,or;
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2)If g, aand S* have odd order. Then (H, R) has a
ribbon element.

Proof. First, condition (2) implies condition (1). Sup-
pose that 7 and S* have odd order. Let / be the unique
square root of /4 having odd order. Define map

t(a):H > H by r(a)(b)=aba™.

Then z(I™')* =7z(h™") and z(I"") have odd order.
Recall that S*(a)=h"'ah=1(h™") . Since e G(H),
S? and 7(/"') are two elements of odd order whose
squares are equal. Consequently, S>=7(/""), and the
proposition follows by part (2) of Theorem 2.

Theorem 5. Suppose that (H, R) is a co-Frobenius
quasitriangular Hopf algebra with antipode S over a
field k and assume that G (H) has odd order, Then (H, R)
has a ribbon element (which is necessarily unique) if and
only if S* has odd order.

Proof- If (H, R) has a ribbon element, then there exists
an xeG(H) such that S*(a)=x ax™' for all aec H
by Theorem 2. Since x has odd order it follows that S
does also.

Conversely, suppose that S* has odd order. Since
has odd order, it follows that (4, R) has a ribbon element
by Proposition 4. This completes our proof.

When H is unimodular, We note that 2 =g~ since
a =¢ in this case, by Theorem 2, the existence of rib-
bon (or quasi-ribbon) elements is determined by square
roots of g.

Proposition 6. Suppose that (H, R) is a co-Frobenius
quasitriangular Hopf algebra with antipode S over a
field k, Suppose further that H is unimodular and let g be
the distinguished group-like element of H. Then:

1) (H, R) has a quasi-ribbon element if and only if
I’ =g forsome leG(H);

2) (H, R) has a ribbon element if and only if I* =g
for some e G(H) which satisfies S*(a)=lal”" for
all aeH.

Proposition 7. Suppose that (H, R) is a co-Frobenius
quasitriangular Hopf algebra with antipode S over a
field k, suppose further that H and H® are both uni-
modular Then:

1) u is a quasi-ribbon element of (H, R);

2) u is a ribbon element of (H, R) if and only if
$*=1.
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