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ABSTRACT 
 

In this paper we demonstrate how the concept of electron orbital compressing factor works in 
quantum calculation. By the quantum calculation of hydrogen molecular ion, the compressing factor 
method proposed in our previous work indeed reveal the true movement state of electron in 
atom/molecule. Based on the result we obtained in this work, the advantage/disadvantage among 
the different strategies in quantum calculation is discussed. 

 

 
Keywords: Hydrogen molecular ion; quantum calculation; the compressed electron orbital; variational 

method; “effective atomic number”. 

 
1. INTRODUCTION 
 
Since the quantum mechanics is setup, it already 
becomes essential tool in scientific research 
activity. The researchers utilize the quantum 
mechanics to elucidate the property of 
atoms/molecules, and to explore the 
electromagnetic property of materials [1-5]. 
Based on the quantum mechanics, our 
understanding on materials reaches from the 
macro to micro level. However, during the 
application process of quantum mechanics, the 

researchers met a lot of difficulties, such as in 
most of cases, the calculation result deviates too 
much from the experimental data [6]. Till now, to 
my knowledge, only for hydrogen atom, we can 
get the exact result which is consistent with the 
experimental data. In most of situation, the 
discrepancy between the calculation result and 
the experimental data becomes unacceptable. 
 
For example, when we use the quantum 
mechanics to calculate the hydrogen molecular 
ion [7], the situation becomes if we keep the 
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clear physical picture of the molecular orbital, the 
calculation result deviates too much from the 
experimental data, if we pursue the consistency 
between the calculation result and experimental 
data, we have to expand the orbital basis of the 
hydrogen molecular ion into the complete basis 
set [8], that means we have to give up pursuing 
the clear physical picture of orbital of the 
hydrogen molecular ion. 
 

Traditional explanation about the expansion of 
the orbital of the hydrogen molecular ion into the 
complete basis set is described as the higher 
level orbital mixed into the lower level orbital, 
such as the electron 1s orbital of hydrogen atom 
mixed in some 2s, 2p,... orbital components, that 
means the electron 1s orbital of hydrogen atom 
can’t describe the electron orbital of the 
hydrogen molecular ion well. 
 

The problem here is if the hydrogen molecular 
ion is broken into single hydrogen atom and 
proton, the electron orbital of the hydrogen 
molecular ion is recovered into the electron 1s 
orbital of hydrogen atom, the mixed components 
are disappeared. Therefore, some researchers 
suggest totally give up the electron 1s orbital of 
hydrogen atom in calculation, the typical one is 
the Hylleraas function which can get the 
calculation result almost the same as the 
experimental data [9]. In this case, the big 
problem is still in that the clear physical picture of 
the orbital is totally or at least partly lost. 
 

In order to overcome this difficulty, the 
researchers figure out different method, such as 
variational method [10-12], for instance, we take 
the atomic number of atom as variational 
parameter, then, the calculation result will be 
greatly improved. We call this parameter as 
“effective atomic number” and explain the 
difference between the “effective atomic number” 
and real atomic number as coming from the 
screening effect of the rest electrons. Some 
researchers go even furthermore, they use a 
series of Gaussian functions to mimic the orbital 
of electron in atom/molecule, the coefficients of 
each Gaussian function taken as variational 
parameters. The famous one is developed into 
the Gaussian program [13]. For the variational 
method, the key problem is the cost of computer 
time, and even worse is in that if the calculation 
involves the electron transition between different 
orbital, usually, we can’t get reliable calculation 
result. 
 
For multi-electron system, some researchers 
developed the density functional theory [14], that 

means we take the electron outside the nucleus 
as a electron distribution function, therefore, the 
calculation only involve three coordinate variable 
function. This theory opens an avenue to do 
quantum mechanics calculation for the macro 
system and the density functional method does 
reduce the computing time greatly indeed. 
However, the calculation result from the density 
functional method usually only can get coarse 
property of system but if we want to get the detail 
of the property of the system, it is still very 
difficult. 
 
Some researchers think we should expand the 
basis into the complete basis set in calculation. 
In this way we do improve the calculation 
precision and the rationality to do so is due to the 
higher level orbital mixed in. With the computer 
technology developing, the computer becomes 
faster and faster, this method may meet our 
requirement in research work in the future. 
 
Summary, all the cited methods above can’t 
avoid the tedious computer time and loss of the 
physical picture of electron orbital in 
atomic/molecular system. Some researchers 
continuously proposed different method or 
theory, such as perturbation theory [15], green 
functional theory [16] and energy band theory 
[17]. These theories always more or less improve 
the calculation precision but at the cost of 
computer time and loss of the clear physical 
picture of the atomic/molecular orbital instead. 
 
Here we try a way which is different from the 
traditional method. We will keep the clear 
physical picture of atomic/molecular orbital, 
improve the calculation precision and at the 
same time greatly reduce the computer time. In 
order to make our calculation simple, here, we 
take the hydrogen molecular ion as an example 
in this work to start our discussion. 
 

2. THEORY 

 
 

Fig. 1. The Illustration Of The Coordinates For 
The Hydrogen Molecular Ion 
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In our previous work [18-19], we consider                  
the variation of the electron orbital of hydrogen 
atom under different situation. Here we take the 
same idea, that is, add an compressing factor (α) 
onto the electron orbital of hydrogen atom                 
and then optimize this compressing factor to get 
the optimized electron orbital of hydrogen 
molecular ion and its energy eigen                    
value. 
 
Based on the result from the literature [7], the 
Hamilton operator for the Hydrogen molecular 
ion is: 
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which are the hydrogen 1s-like orbital. 
 

   
       

     
                                              (8) 

 

   
       

     
                                                          (9)  

 

Mathematically, we should check 
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Then we get two equations for two variables, α 
and R. 
 
From the equations for E+, we know that there 
are many pairs of α and R meet the requirement 

of 
   

  
   and 

   

  
  , but only one pair of α and 

R , meet the requirement of experimental data. 
The whole process to determine these pairs of α 
and R is too complicated and time tedious, 
therefore, we neglect the detail here and only 
need to know the determined α and R, which are 
α=1.98a.u. and R=1.90a.u., respectively. 
Therefore,  

 
                                            (13) 
 
                                              (14) 

 

Where     
 

  
            , 

    
 

  
            . Both of them are not 

exact the electron 1s orbital of hydrogen atom 
but electron 1s-like orbital of hydrogen atom 
instead. Fig.2 is E~R and Fig.3 is the density 
distribution of electron in the hydrogen molecular 
ion. Based on     , we get the energy 
eigenvalue is -0.10345a.u.(-0.1026a.u.) and 
bond length R=1.90a.u. (2.0097a.u.), in bracket 
is the experimental data. 
 

3. DISCUSSION 
 
From the result above, first we notice that 1sa or 
1sb is the electron 1s-like orbital of hydrogen 
atom but the α (1.98a.u.) means the electron 
movement in hydrogen molecular ion is restricted 
due to the existence of second proton, just like 
the electron 1s orbital of hydrogen atom is 
compressed due to the existence of the second 
proton. In our previous work [18-19], the physical 
meaning of α is the compressing factor, which is 
totally different from the parameters used in 
literatures [20-25]. As we discussed in the 
previous work [18-19], the effect of compressing 
electron 1s orbital will cause the energy of 
system increasing. Some researchers describe 
this case as screening effect from the rest 
electron, therefore, in calculation we should use 
“effective atomic number” instead of real atomic 
number. However, this screening mechanism 
can’t convince us in that for hydrogen molecular 
ion, only one electron exists, so, the screening 
explanation doesn’t exist, therefore invalid              
here. 
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Fig. 2. E~R Relation Illustration 
 

 
  

Fig. 3. The Electron Density Distribution For                         With R (a.u. ) 
 
Compared to the “effective atomic number” 
mechanism, the rationality of our strategy is 
obvious by introducing the compressing factor 
(α) in our calculation. The most important is that 
we can keep the physical picture of electron 
orbital of hydrogen molecular ion unchanged and 
at the same time get the consistent calculation 
result with the experimental data. That is, the 
hydrogen molecular ion has electron orbital 
which is composed of electron 1s-like orbital of 
hydrogen but due to the existence of the second 
proton, the movement of electron is restricted, 
not like the electron in orbital of free hydrogen 
atom. The compressing factor α demonstrates 
this case. It looks like the orbital of electron in 
hydrogen molecular ion is compressed (see our 
previous work [18-19]), therefore, the electron 
keep moving in hydrogen 1s like orbital but 
energy eigenvalue increases instead. 

Consequently, the bonding energy of electron in 
the hydrogen molecular ion is much smaller than 
that in free hydrogen atom (Fig. 2 and Fig. 
3).This situation is correctly described by 
introducing the compressing factor (α) in our 
calculation. 
 
Traditionally, the solution between the physical 
picture of orbital and inconsistency with the 
experimental data is to expand the electron 
orbital of hydrogen molecular ion to the complete 
basis set in calculation instead of just using 
electron 1s orbital of hydrogen atom. By 
including complete basis set in calculation, we do 
get the consistent calculation result with the 
experimental data but the computer time 
increases sharply. The tedious computer time 
restricts the application of quantum mechanics in 
complexity system. Some researchers developed 
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different semi–empirical method by introducing 
more variational parameters in quantum 
calculation, these kinds of semi-empirical 
methods make the uncertainty in the quantum 
mechanics calculation increases, therefore, the 
reliability of the property prediction on the 
atom/molecule, based on the semi-empirical 
quantum mechanics calculation, decreases. 
 
This situation is just like at the beginning, we use 
the function is too bad to describe the movement 
of electron/molecule, then, we introduce more 
function into the orbital to modify the orbital of the 
electron movement and finally, we can get the 
orbital which is the closest to the correct orbital 
or real orbital to describe the movement of 
electron in atom/molecule. 
 
Our Strategy is that at the beginning, we try to 
use the wave function which is the closest to the 
true orbital of system, to describe the true 
movement of electron in atom/molecule, then find 
out the correct wave function by optimizing the 
variational parameter and use this correct 
optimized wave function in calculation. The 
benefit to do so is 1.saving the computer time; 
2.keeping the physical picture of orbital of 
atom/molecule very clear; 3.keeping the 
consistency between the calculation result and 
experimental data. Our calculation result of 
hydrogen molecular ion verifies our strategy is 
succeeded. 
 

4. POTENTIAL APPLICATION 
 

Following our strategy discussed above, we can 
extend our method to the multi electrons system, 
such as the atom after the hydrogen and 
molecule system. Here we would like listing 
some examples to show how to use our method 
in calculation but we wouldn’t go into the detail 
here. 
 

4.1 Hydrogen Molecule/He Atom 
 

If we apply our method onto the hydrogen 
molecule instead of the hydrogen molecular ion, 
there are two electrons and protons. But the 
molecular orbital of hydrogen molecule should 
come from the electron 1s orbital of hydrogen 
atom in the quantum calculation. However, from 
the literatures, the calculation results deviate too 
much from the experimental data. As we 
discussed above, the error comes from the fact 
that we use electron 1s orbital of hydrogen atom 
which is exact the same as we get from the 
solution of Schrodinger’s equation. As we point 
out above, the electron 1s orbital of hydrogen 

atom deviates too much from the real state of 
electron in hydrogen molecule. Correctly, we 
should use the variational parameter to modify 
the electron 1s orbital of free hydrogen atom and 
optimize this variational parameter to make the 
energy of system minimized. Then using this 
electron 1s-like orbital of hydrogen atom in 
calculation we can get consistent result with the 
experimental data. The advantage of our method 
for hydrogen molecule is in that we only need 
one parameter to modify the electron 1s orbital of 
hydrogen atom in our calculation, then we can 
call this modified electron 1s orbital of hydrogen 
atom as the electron 1s-like orbital of hydrogen 
atom instead of just the electron 1s orbital of 
hydrogen atom. It is obvious that for Helium 
atom, we will have the same advantage as for 
hydrogen molecule. 
 

4.2 Li Atom 
 

For Li atom, it has two 1s electrons and one 2s 
electron. For two 1s electrons, we can use one 
variational parameter (α1) to modify the electron 
1s orbital of hydrogen atom and one variational 
parameter (α2) to modify the electron 2s orbital of 
hydrogen atom. That means all together we only 
need two parameters (α1 and α2) in our 
calculation for Li atom. Consequently, the 
calculation will become very efficient and more 
important is that we can keep the physical picture 
of electron orbital very clear. 
 

4.3 Heterogeneous Atomic Molecule 
 

Taking LiH as an example, we should use one 
variational parameter (α1) to modify the electron 
1s orbital of hydrogen atom, one variational 
parameter (α2) to modify the electron 1s orbital of 
hydrogen atom as the electron 1s orbital for Li 
and one variational parameter (α3) to modify the 
electron 2s orbital of hydrogen atom as the 
electron 2s orbital for Li. That means altogether 
we only need three parameters in our calculation 
for LiH molecule. Compared to the Li atom, the 
number of parameters increases which will cost 
more computer time in calculation but still much 
less than the traditional method, such as the 
complete basis set or other semi-empirical 
methods. For our method, we keep the physical 
picture of orbital very clear and pretty easy to 
interpret the calculation result. 
 

4.4 Other Complicated System, Such As 
Solid Material System 

 

Our method makes the quantum calculation 
becomes easy and efficient. Therefore, our 
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method may extend to the more complicated 
system, such as solid materials. At present,  
most of researchers use the band theory to 
explain the experimental data from the solid 
materials. Due to the simplicity, our method may 
find wide application in these fields in the              
future. 

 
5. CONCLUSION 
 
In this paper we demonstrate how the concept of 
the compressing factor of electron orbital               
works in quantum calculation. Compared to the 
electron movement in free hydrogen atom, the 
electron movement in multi-electron system is 
restricted, just like the electron orbital being 
compressed. Our strategy correctly reflects               
this situation, therefore, in the quantum 
calculation of hydrogen molecular ion, we can 
get very good energy eigenvalue, bond               
length and the electron density                    
distribution.  

 
Summarily, our method has three advantages: 1. 
Keeping the physical picture of electron orbital 
very clear, therefore, easy to interpret the 
quantum calculation result; 2. Don’t need too 
much parameters in quantum calculation but the 
precision of quantum calculation is greatly 
improved and tedious computer time in 
calculation can be avoided; 3. The reliability of 
the quantum calculation can be guaranteed 
because the least parameters are used in 
quantum calculation. We can predict that the 
concept of the electron orbital compressing factor 
will find wide application in the scientific                
fields. 
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